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1. Introduction 

In this long introduction, we review a history of Donaldson invariants and 
Seiberg-Witten geometry, which leads to the Nekrasov's deformed partition func- 
tion. This section contains no mathematically rigorous results, but provides the 
motivation for our study in later sections. 

1.1. Donaldson invariants : a mathematical definition. Let A be a 

smooth, compact, oriented, 4-manifold with a Riemannian metric g with > 1 
and odd. We also assume 7ri(A) — 1 for brevity. Let P ^ A be an S0(3)-bundle 
over A. Let M{P) be the moduli space of irreducible anti-self-dual connections on 
P. This is a manifold with dimension —2pi{P) — 3(1 + 6"^) for a generic metric g. 
Let V ^ X X M{P) be the universal bundle. Then the Donaldson invariant is a 
polynomial on Ho{X) © H2{X) defined by 

Dpip'^S')^ f KpTfiiS)", peHo{X),SeH2{X), 
Jm(p) 

where ^: Hi{X) H^~'^{M{P)) is given by the slant product = —jpi{V)/». 
Since M{P) is not compact, we must justify the definition of the integration, and 
this can be done by using the Uhlenbeck compactification, as one can find in text- 
books on the Donaldson theory |14L I25| . 
We then formulate a generating function 

D,{p,S)^Y. E Dp{^?^), 

P m,n>0 

where ^ — W2{P) is fixed. When 6+ > 1, Z?^ is independent of the metric and 
defines invariants of the differentiable structure of A. When 6+ = 1, it is piecewise 
constant as a function of g. 

Although the invariants can be defined, their calculation was difficult in 
general. This was because it is difficult to describe the moduli spaces M(P) explic- 
itly. The situation was changed when Kronheimer-Mrowka |37l| proved a structure 
theorem for in 1994: Although involves infinitely many moduli spaces, it is 
determined by finite data, if Z?^ satisfies a so-called simple type condition. 

Soon afterward, Fintushel-Stern obtained the 'blowup formula' which describe 
the relation between on A and that on the blowup A |24| . The formula involves 
an elliptic function. The underlying elliptic curve is related to the structure theorem 
so that the simple type condition means that it degenerates to a rational curve. The 
blowup formula will play a fundamental role in this paper. 
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1.2. Seiberg-Witten geometry. In 1988, Witten described Donaldson in- 
variants as correlation functions of certain operators in a twisted version of A/" = 2 
SUSY (supersymmetric) Yang-Mills theory [TUj . We do not explain what this 
statement means here, but mention that it is an infinite dimensional analogue of 
the Chern-Weil formula [5]. 

Shortly after '371 was appeared, Seiberg-Witten analyzed the original Af = 2 
SUSY Yang- Mills theory with gauge group SU(2) 66j . The original theory is for- 
mulated on W^, and was no mathematically rigorous definition of the 'prepotential', 
which they calculated, at that time. Giving such a definition is one of the main 
purpose of these notes. (See Theorem 15. 71 ) But we present an 'informal' definition 
here. 

Let -f^su(2)(P^) SU(2)-equivariant cohomology of a point with complex 

coeflScients. It is naturally identified with the Weyl group (in this case {±1}) 
invariant part of the symmetric product of the dual of the (complexified) Cartan 
subalgebra f) (in this case C). It is the coordinate ring of i)/W. This space i)/W is 
the classical limit of the so-called u-plane, a family of 'vacuum states', which plays 
the most important role in the Seiberg-Witten geometry. 

The coordinate ring yl(()/Vt^) = ^^su(2)(pt) has a generator — 5tr("^°^) = 
— a^, where a is considered as a coordinate on f). Let us denote it by ltd since it is a 
coordinate of the classical limit of the u-plane. We make a 'quantum correction' u 
of the function Uc\ by using the framed moduli space M(2, n) of instantons on 5"*. 
The precise definition will be given below, but it is roughly given by 



Here A is a formal variable, the integration is done in the equi variant homology 
group, and fi is defined by the same formula as in Donaldson invariants. The 
moduli space M(2, n) has an SU(2)-action given by the change of the framing. The 
classical part is the term n — Q, then M(2, 0) is a single point, so the integration 
is just an identity operator. In this case, fj,{p) S ^?su(2)(P^) nothing but the 
generator —Ud- Thus Ud is the classical limit of u as we explained. 

When n > 0, the moduli space M{2, n) is noncompact and we need to justify 
the integration. Here the problem is not a technical one, and has a very different 
nature from the noncompactness appeared in the definition of Donaldson invariants, 
which was overcome by Uhlenbeck compactification. In fact, if M(2,n) had a 
suitable compactification, the integration of 1 would be by the degree reason. The 
integration will be defined via the localization theorem in the equivariant homology 
group. The precise formulation will be given in As the upshot, the integral 

does not have the value -ffsu(2)(P^)' fractional field. (In fact, we need 

to consider extra two dimensional torus as below. Or we should consider u as an 
operator as in ^(i.'2\ ) Thus it is a rational function on t)/W. In the Seiberg-Witten 
geometry, the role of it and iici is reversed. We define the u-plane as the parameter 
space for u, i.e., u is the coordinate of the u-plane. Then we consider Ud (and a) 
as a rational function on the u-plane. 

Other than the function u, there are several important geometric objects on 
the u-plane. They are defined via the integration over the instanton moduli spaces. 



(1.1) 
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One of the most important objects is the prepotential , which has a form: 




function on t)/W. The part J-^^*' is the instanton part, and is a power series in 
A'^. The coefficient of A^" is given by integration over M{2,n). The u-plane is a 
special Kdhler manifold, where the prepotential is included in its definition. For 
example, the Kahler metric is the imaginary part of the second derivative of the 
prepotential. See |26| for more detail. 

The main result of [B6 is the determination of the u-plane and the prepotential 
J-Q. As a result, the u-plane is the parameter space for elliptic curves: 



The prepotential J^q is given by using certain elliptic integrals. The original method 
used for the determination was a highly nontrivial physical argument. One of 
the most essential ingredients is understanding of its behavior under the 'duality' 
transformation t ~^/t, where r is the period of the above elliptic curve, which 
is given by the second derivative of J^q with respect to the coordinate a. This is 
rather mysterious transformation in view of the definition H1.2|l . In our approach, 
we will see theta functions quite naturally. So the duality will come from the 
Poisson summation formula, but we do not really understand its geometric origin. 

Note that this picture is very similar to that of the mirror symmetry. The 
prepotential above is a counterpart of the Gromov-Witten invariants and is on the 
'symplectic' side. The elliptic curves (Seiberg-Witten curves) are on the 'complex' 
side. In fact, this is not just analogy. The geometric engineering which will be 
reviewed in H7. 51 explains the result as a special case of the mirror symmetry. 

For a later purpose, we give some functions explicitly. Let r be the period of 
the Seiberg-Witten elliptic curve. Then 



Here 0* = 9^,{0\t) is the theta function and E2 = E2{t) is the (normalized) second 
Eisenstein series. The reader should be careful when he/she compares these with 
the formulas in |54| . Our u (resp. a) is multiplied by —2 (resp. 2-/^). 

Finally note that the elliptic curve becomes singular at u = ±2A'^. In the 
classical limit A ^ 0, these fall into a single point 0, which is the singular point in 
the classical w-plane ^/W. 

1.3. The u-plane integral. We return back to Donaldson invariants. Witten 
|71j explained that has three contributions: 



The parts Z± (p, S) come from the measure supported on the singularity ±2A^ of the 
M-plane. These are given by invariants defined via the moduli spaces of monopoles, 
called Seiberg-Witten invariants. As for application to topology, Zu is irrelevant as 



y^ = {z^ + u~ 2A2)(^2 ^ ^ _^ 2A2). 



(1.3) 



u = — 




da 0oo9io 




D^{p, S) = Z„(p, S) + Z+{p, S) + Z^{p, S). 
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it depends only on H'^{X,Z). Furthermore, Z„ vanishes when 5+ > 1. But we are 
interested in structures of instanton moduh spaces which are reflected in Zu- 
When 6+ = 1, more precise description of was given by Moore- Witten 
(See also |45l I46| for similar results.) We briefly recall their description, since 
some parts are closely related to our study. The parts Z± (p, S) are written by the 
Seiberg- Witten invariants summed over various choices of Spin'^ structures. See 
|54l §7] for the explicit expression. The remaining part Zu is the integration with 
respect to a smooth volume form. It is called the u-plane integral. We choose and 
flx a harmonic self-dual two form uj with u; A co = 1. This is unique up to sign, 
and the choice of ui is related to the orientation of the moduli space. We also put 
A = 1. Then 



(1.4) 



Z^{p^S)= f dada^(u)'^B(M)'^eP"+^''^*, 

J li-plane 



with 



^-24U) ^^(^)-r' 



<^ = - 



-2 df 



4yi/2 do 



exp 



— (—] 5*2 
87ry \da' + 



(A,c.)--L^(5,c.) 
Airy da 



exp 



AGH^ + i? 

-^/^7rrA2 - ^tttXI + ^(5, A_) 

da 



Here x (resp. cr) is the Euler number (resp. signature) of X, a, /? are universal 
constants independent oi X, t = x -\- iy, Xq is a fixed element in -I- H'^{X,Z), 
and (•)± denotes the self-dual and anti-self-dual part of • respectively. 

Since this is a divergent integral, and we must regularize it. See the original 
paper |(54) how it is done. 

The term T is called a contact term. Its determination can be done by several 
ways. In |45| by equating the answers givin by various ways, a nontrivial equa- 
tion was derived. This is the contact term equation, which will be important for 
our study. See Theorem 12.111 and Theorem 15.71 The terms A, B come from a 
Riemannian metric g. 

Let us analyze the effect of the blowup X ^ X on the w-plane integral since 
it is closely related to our study. Let C be the exceptional curve. We want to 
evaluate Zu{p, S + tC), where S E H2{X) is considered as a class of H2{X) via the 
projection. 

Since x{X) = x(X) + 1, a{X) = a{X) - 1, the factor A{uYB{uY is multiplied 

by 



A{u) _ a 
B{u) ~ P 



(y2 _ 4)-l/8 



1/2 



1 



701 



(up to constant). 
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We work in a chamber C+ = 0, so we have 

du 

— > f — IV'exn \/ — ^^TTn,^ — m 

fx 



nGZ+iu.2(P)-C 



-Ittto^ — nt- 

da 



where * = 01 or 11 according to W2{P) • C = or 1. Therefore we get 

Zu{p.S + tC) e4i^f^\r) 
Z4p,S) -'^P^ ' 0oi(O|r) 

up to a constant multiple. The constant turns out to be 1 as left hand side is 1 at 
t — when * = 01. 

1.4. Nekrasov's deformed partition function. As we explained, the pre- 
potential J-'q was given as integration over instanton moduli spaces. Before Nekrasov 
gave an explicit expression |62| , it was written in terms of differential forms on mod- 
uH spaces. So it was difficult to calculate, understand its meaning... (See |15|.l 
Nekrasov's idea was to use an extra 2-dimensional torus action and apply the lo- 
calization theorem in the equivariant homology. Technically it was also important 
that the Uhlenbeck (partial) compactification of the moduli space has a nice reso- 
lution of singularities introduced by the first author |59) . (The latter space will be 
denoted by M{2,n) in the main body of the paper.) Let £i,e2 be two generators 
of H^2{pi)- Then we define 

(1.5) F = eie2FP<=^* + £162 log | V A^" / 1 

\n>0 ^M(2.n) 

where FP°''' is a certain two parameter deformation of J^q°'*. Each coefficient of 
A"'" is a rational function in £i,£2, and is a mathematically rigorously defined. 
Nekrasov conjectured F|ei,e2=o is equal to J^o, given by the Seiberg-Witten curve. 
This is mathematically meaning full statement. This conjecture was proved by |61) 
and |63| by totally different methods. 

The method used in |63| was geometric and a standard technique in the study 
of Donaldson invariants. We consider the instanton moduli spaces A/(2,ci,n) on 
the blowup, introduce an operator /i(C) in this equivariant setting, and compute 
this equivariant analog of Donaldson invariants. From the explicit expression given 
by the localization theorem, it is very easy to derive the blowup formula in a 
combinatorial form. On the other hand, by a simple dimension counting argument 
shows that /j{j(2 n) f^i^^ ~ ^- "^^^^ vanishing give a differential equation satisfied 
by the original F. We call it the blowup equation. (See H5.2|l .) It characterizes F. 
When we put £1 — £2 = 0, this equation turns out to be the contact term equation, 
which we mentioned. Since the contact term equation can be derived from the 
Seiberg-Witten curve in a mathematically rigorous way (see this gives a proof 
of Nekrasov's conjecture. 

1.5. Gravitational corrections. After identifying F\^^^^^=q with the Seiberg- 
Witten prepotential H2.4|l , it becomes natural to ask the meaning of higher order 
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terms in the expansion 



F = Fo + (ei + e2)H + siSs^ + 




Nekrasov asserted that these are gravitational corrections to the gauge theory |62l 
§4]. Using the differential equation mentioned above, we prove these A, B coincides 
with those A, B appeared in the u-plane integrand. {H turns out to be a simple 
function.) (The calculation was done jointly with N. Nekrasov.) 

Moreover, by the geometric engineering |36| (see ^7.5|l . we can expect these 
terms are certain limits of higher genus Gromov-Witten invariants for a noncompact 
Calabi-Yau 3- fold, in this case the canonical bundle of x . More precisely, we 
put £i = —£2 = h and consider 



Then Fg is a limit of the genus g Gromov-Witten invariants. Since l/ei£2^ is more 
fundamental (see 1)1. 5fl '). we should write this as 



This is more natural as 2 — 2g is the Euler number of a genus g Riemann surface. 
It probably explains the singularity 

Recently many Gromov-Witten invariants for noncompact toric Calabi-Yau 
have been calculated (see and the references therein). These are identified with 
the Jones- Witten invariants via the geometric transition (called 'large N duality'), 
as first proposed by Gopakumar-Vafa j28j . A first of such examples is the identi- 
fication of Gromov-Witten for the resolved conifold and the SU(A^) Jones- Witten 
invariant for . These identifications have been proved in a mathematical rigorous 
way in a number of examples (see |65l I73p . 

In the case of ifpixpi, the Jones- Witten side is SU(iV)-invariants for the Hopf 
link. Using the calculation by Morton-Lukac '56', Iqbal-|-Kashani-Poor show that 
the invariants of the Hopf link has the same combinatorial expression as that of F 
given by the locahzation formula |35j . (See also |19j.) 

Note that these results identify the n-instanton correction with the Gromov- 
Witten invariants of degree n (with respect to one of the factors of x P^) for each 
n. Thus they do not say much about the structure of the generating function F, 
which is studied in this paper. Therefore it is interesting to understand the blowup 
equation from the Gromov-Witten side. 



In this section we introduce the Seiberg- Witten curves, give the definition of 
the prepotential, and derive the renormalization equation and the contact term 
equation, which will characterize the prepotential. 

We give some details, though one can find most of them in physics literature. 
The reason is that we must carefully choose cycles on the Seiberg- Witten curve to 
determine a characteristic of the theta function in a mathematically rigorous way. 
It is a standard exercise but we cannot find the argument in the literature. 

The material discussed here is a minimum of the Seiberg- Witten geometry. 
We omit many things, such as monodromies, Picard-Fuchs equations, relations to 



F = Fo + Fih^ + Faft-* + • • • . 
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integrable systems, etc. Even for the differential equations satisfied by the pre- 
potential, our treatment is a minimum. The Whitham hierarchy underlying these 
equations will not be discussed. The reader may wonder where these equations 
come from, though the authors' approach through the instanton moduli spaces will 
be explained in ^ For the original approaches, see |49L I51| and the references 
therein. 

There is a nice survey article |12j for mathematicians which describes relation 
between integrable systems and the Seiberg-Witten geometry, as well as background 
on physics. We recommend it to our reader since it has no overlaps with this paper. 

Note that we multiply Oq, by —^/—l from the conventional one in order to 
match with one in the instanton counting. 

2.1. Definition of the Seiberg-Witten prepotential. We consider a fam- 
ily of curves (Riemann surfaces) parametrized by u = (it2, . . . , Ur)'. 

Cs : A'' + = P{z) ^ 77 + U2z''^'^ + mz''^'^ H Vur. 

We call them Seiberg-Witten curves. The projection Cz 3 {w, z) i— > z G gives a 
structure of hyperelliptic curves. The hyperelliptic involution t is given by l{'w) — 
l/w. 

If we introduce y — K^iw — ■^)^ we have 

y2 ^ p(^)2 _ 4A2r ^ (p(^) _ 2A'-)(P(z) + 2A''). 

This special form of the right hand side will play a crucial role later. 

The parameter space {u G C"^} is called the u-plane. Here A is also a parame- 
ter, but we treat it separately from u. The parameter A is called the renormalization 
scale in physics. When A = 0, the theory goes to the classical limit. We consider 
u — (u2, . . . ,Ur) as a coordinate system on the u-plane. This is a global coordinate. 

Let zi, . . . ,Zr be the solutions of P{z) = 0. We will work on a region of the u- 
plane where \za — zp\^ \za\ are much larger than |A|, and then analytically continue. 
In particular z^'s are distinct. The vector z = {zi, . . . , Zj.) (X]q = 0) is a local 
coordinate on the u-plane. The relation between z and u is very simple. The 
former is a coordinate on C^^ while the latter is on C^'^^/Sr ~ C^^, where Sr 
is the symmetric group of r letters. In other words, (— l)^Up is the pth elementary 
symmetric function in zi, . . . , z^- It is better to keep this simple relation in mind, 
since this coordinate system z is a quantum correction of another coordinate system 
a introduced below. 

We can find z^ near Zq such that P{z^) ~ ±2A'" when |u| ^ |A|. These are 
the 2r-branched points of the projection Ca — > P^. The infinity is not a branched 
point, and its inverse image consists of oo+ {w — oo) and oo- {w = 0). The genus 
of Cs is r — 1. In the classical limit A ^ 0, both z^ go to Zq,, and the curves develop 
singularities. 

Let us define the quantum discriminant by 

(2.1) A ^ (iAT n - - 'p)'- 

a<l3 

On the locus A = 0, the Seiberg-Witten curves develop singularities. As we men- 
tioned, we study a region away from this locus. 

The hyperelliptic curve Ca is made of two copies of the Riemmann sphere, 
glued along the r-cuts between z~ and z^ (a = 1, . . . , r), as usual. Let be the 
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cycle encircling the cut between z~ and z+. We have = 0. We draw Cg 

as in Figure n The hyperelliptic involution l is the rotation by tt about the axis 
passing through the branched points z^. Then we choose cycles (a = 2, . . . , r) 
as in Figure^so that {A^, | a = 2, . . . , r} form a symplectic basis of Hi{Cs, Z), 
i.e., Aa ■ A/3 — — Ba ■ Bp, Aa ■ Bp = Sap for a, (3 = 2, . . . , r. (The cycle Ai is 
omitted.) In the figure the branched points are lined , , • • • from the 

left. That is z+ is on the left (resp. right) of z~ for a odd (resp. odd). 




Figure 1. Seiberg-Witten curve and cycles (r = 3) 



Note that we cannot take A, i?-cycles globally on the w-plane. The cycles 
are transformed by monodromies around the locus A = 0. In fact, the study of 
monodromies is important as it has been used for constancy checks of the Seiberg- 
Witten curves to some physically expected properties of the prepotential (intro- 
duced below). However we do not study monodromy behavior here except that 
around A = 0. We first fix a small region in the u-plane and then analytically 
continue. We choose a region containing the part that real and satisfy 

zi > Z2 > ■ ■ • > Zr- We also assume A is a positive real number. Since we assume 
A small, we have zj^ > zi > zj~ > > Z2 > > • • • . This choice determines A, 
-B-cycles as in Figure ^ Note the branched points are lined from the right by the 
order in Figure^ Thus the choice is natural in this region. Note also that we choose 
the inverse image of the region with respect to the projection C"^ — > C^~^/Sr- 
The permutation ambiguity is less important than the monodromies, but we use 
the choice as we want to specify what is Oq. 

Let us define the Seiberg- Witten differential by 

_ I dw _ 1 zP'{z)dz _ 1 zP'{z)dz 
2^''~ ~ ~ 2^ VP(z)2 - ~ 2^ y ■ 

It is a meromorphic differential having poles at cxdj.. We define functions a^, 
on the u-plane (|u| ^ |A|) by 

(2.2) aa= I dS, = 27r\/^ / dS, a = 1, . . . , r, /3 = 2, . . . , r. 

Let us study the behavior of the function aa around A = 0. We move the 
cycle Aa so that P{z) and 1/P{z) are bounded there. In particular, we are in 
a sheet where -y^ P(z)^ — 4A-^'" is single-valued. We choose the sheet so that it is 
approximated by P{z) on the Ac-cycle. We suppose Aa has the counterclockwise 
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rotation in the sheet. In Figure ^ the sheet is the part lower than the plane 
containing Aa^s. (See also the proof of Proposition 12. 71 below. 'I Then we have the 
following expansion: 

where (°) is the binomial coefficient. In particular, a = (ai, . . . , a^) {J2a — 0) 
is a local coordinate system for small A. As we mentioned before, the coordinate 
z is the quantum correction of a. The is a function in Up, but conversely we 
consider Up as a function in Ua (and also in A). 

We differentiate the Seiberg-Witten differential dS by setting w to be constant: 



- — db 

ou„ 



1 z^'^P dw 1 z^'^Pdz 



2tt P'{z) w 2n y 



It is well-known that these form a basis of holomorphic differentials on Cs for 
p — 2, . . . ,r (see e.g., |33l §2.3]). In other words, the Seiberg-Witten differential is 
a ^potentiaV for holomorphic differentials. Let {(Jap) be the matrix given by 

daa 1 [ z^~P dw 

a,p^2,...,r. 



dup 271 Ja^ P'{z) w 
If ((jP") is the inverse matrix, the normalized holomorphic 1-forms 

satisfies ujp = Sap- Therefore the period matrix r = [Tap) of the curve Cu is 
given by 

[ 1 da^ 

Taf3 = ^0 



2TTy/^ dap ' 

Since {Tap) is symmetric (see e.g., |33[ §2.2]), there exists a locally defined function 
on the w-plane such that 

(2.4) = -1^. 

oaa 

It is unique up to constant. We fix the constant so that is homogeneous of 
degree 2: 

(2.5) (E-^+aA) ^0 = 2^0. 

This function !Fq is called the Seiberg- Witten prepotential. We may also write J^q (a) 
or J-Q (a; A) . From the definition we have 

(2.6) Tap 



2ny/^ daadap 

We put the subscript because this will be identified with the genus part of the 
Nekrasov's deformed partition function. 
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2.2. The logarithmic singularities of the Seiberg-Witten prepoten- 
tial. Let us study the behavior of as a function in A, following ,11^. Our aim 
is to show 

Proposition 2.7. We have 

.Fo = ^7o(ao-a^;A)+0(A2'^) 

-{aa ~ ap) lor ' 



E 



A 



where 70(0;; A) — ia::^log(-|-) — |a;^ is the coefficient of l/ei£2 in — 7e^,e2(x;A) as 
in (lK3ll. 



The part X^a^r^/s 7o(aa — a/3; A) is called the perturhative part of the prepotential 
JFq, and denoted by J-'q'^^^ . The remaining part is called the instanton part, and 
denoted by J^""' . It is a power series in A^'': T'^^^ = /i A^'' + /a A*'' + • • • + /„ A^™ + 
• • • . The coefficient /„ is called the nth instanton correction to the prepotential. 
This is because we will identify /„ something defined via the n-instanton moduli 
space. 



The choice of the branch of log is as follows. Suppose that Zo 



Ae 



and zi > Z2 > • • • > Zr as above. We choose a path Aa encircling z~ and z+ so that 
it is invariant under the complex conjugation z ^'z. Then aa is purely imaginary. 
We have -s/^ai > ^/^a2 > ■ ■ ■ > ^/^a,.- We choose the branch of log so that 



a/3 



A 



A 



log 



A 



is real for a < /?. In what follows, we assume this choice of Za, etc. It is enough to 
consider this case by analytic continuation. 

Proof of Proposition 12.71 First we study 



2^:^ 



1 



dS. 



Locally, this is a function in A^*". But it is multi- valued, as the cycle Ba transforms 
to Ba + Aa — A\ when we analytically continue from A^'' to e^'^^^^^A^'' . There- 
fore + \J—\(za — z\) log A^'' is a single- valued function in A. This kind of the 
monodromy behavior is quite important in the conventional arguments. 

For /3 = 2, . . . , r, let be the straight line from to z^ for /3 odd, — 
for /3 even) in one sheet and define the cycle Cp as followed by —iC'^. This is a 
cycle rounding the hole in Figure We have 



and 



-27r 



dS 



(3=2 



zP'{z)dz 



In the last expression, z is real. But we should be careful for the choice of the branch 
of ^JP{zY — 4A^''. This is not necessarily > contrary to the usual convention 
for the real function. It is determined by the analytic continuation. We choose the 
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sheet so that ^P(zY' ~ 4A^'' has the same sign as P(z) on each interval [2^_]^, z^]- 
This is the same sheet used in (I2.3|l (i.e., the lower half) and we have the right 
orientation so that ■ ~ 1. Note also that is pure imaginary as the 
integrals are real. 

Fix S > small with |A| ^ \d\ and rewrite the integral as 



(2.8) 



dS 



,± 



zP'{z)dz 



f3-S Jzfj^i+sl \/P{zY 



4A2 



The first integral is regular at A = 0: 
/•^,5-<5 zP'{z)dz 



0{S) 



zg-S r 



Ed 



-)dz + 0{5) 



P{z) 

= zp{r + log (5) - zi3^i{r + log (5) 

+ ^ z^loglz^ - z^l - ^ z^\og\zp_i- z^\ + 0{S). 

Here we choose the branch of log so that all the above expressions are real. 
The second integral of H2.8|l is equal to 



(2.9) zp 
The first term is 



P'{z)dz 



'■1^ {z - Z0)P' {z)dz 



4A2 



where 



We have 



-5 y/Pizf - 4A2'- V^P(iF 

Zf3 [ — = ~Zi3\0g\wfi{S)\, 

Jw=wg{S) ^ 



logK(<5)|=log^^%^+log| 1 



4A2 



2A'~ 



P{zfi - 5Y 



= log 



A'- 



0{5). 



Let us consider the second term of (|2.9|l . Let z — zp — W^^pizp — z^) ^P{z)+E{z). 
We have E{z) — 0{6^) in the range of the integration. But the above calculation of 
the first part shows that the integral of E{z) yields 0{5^)0{\og 5) = 0{6). Therefore 
the second term is 



1 



^"-■^ P{z)P'{z)dz 



X{{z,-z,)Jz^ ^P{zf - 4A-^ 

75^/3 



n ~ 

75^/3 



yJP{zf - 4A2' 



Za-S 



f 0(<5) 
0{5). 



But as P{zg) = 2A'', F(z^ - 6) = 0{6), the contribution is 0{S). 
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The third integral has a similar expression with Zfs, S replaced by z/s-i, —6 
respectively. Altogether we get 



- TT / dS - r{zp - z^^i) (1 + log A) 

JCf, 

+ X!^^'^ - Z7)logk/3 - ^7! - X! (^/3-l - 27)l0g|2/3-l - Z^l = 0((5). 

But the left hand side is independent of 8. This means that the left hand side is, 
in fact, 0(A^''). Combining with (|2.3I) . we have 

^af = r(aa - ai) (1 + logA) - ^ (a^ - a^)log|v^(aa - afi)\ 
+ ^(ai - ap) log %/^(ai - + ©(A^''). 
In the last part, we do not take the absolute value of \/ —\[a\ — ap) since V^loi > 
Now let us differentiate JFq^"^' in the statement. Let 7o(a:; A) — log {^^^^ — 

_ r.2 

2" 



la;^. (Remember our choice of the branch of log.) We have the following 



);^ = -La^7o(«/3-«7;A) 



daa 



/3<7 



X! 'To("" ~ «/3; A) + X! "^0(0/3 - Oa; A) + ^7o(ai - o^; A). 

Q</3 /3<Q l^p 



We substitute 70 (a;) = 2a; log j^'^ — 2a; to get 

1 d^r' 



2 Sflo 



r{aa - ai) - ^ - 0^3) log ■ 



^{aa ~ ap)\ 
A 



^{ai- ap) log- 



-l(ai - ap) 
A 



This coincides with the above expression. The proof of Proposition l2 . 7l is completed. 

□ 

2.3. A renormalization group equation. We prove the so-called 'renor- 
malization group equation' following ^68j in this subsection: 

Proposition 2.10. 

OA " " 

This equation was found earlier by |53| for SU(2), and independently by |20 |. 
See also [Tn| . 



Proof. We differentiate the Euler equation (|2.5|) : 



9 /. 9 



d 



du, 



9up V daa 



daa 



dc^ 



dUr, 



dujj 



dS dS 



dS 



s„ dup 



dS 
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Let US make a change of variable x = 1/z. We expand the Seiberg-Witten differen- 
tial and its differential around x = 0: 

ir, 1 zP'{z)dz 1-7 \ 7 

db = , — [s-2X + ■Sn + Six + • • • ax, 

2tt ^P{zY - 4A2- ^ ' 

d 1 z^^^dz 

— — dS = , ~ (ujf^ + Lo^x + • • • ) dx. 

dup 2tt ^P{z)^ - 4A2- ^ 

(Recall that dS is a meromorphic differential having poles only at oo±.) By the 
Riemann bilinear relation (see e.g., j33l §2.3]), we have 

Since s_2 = j;^, = ~^'^p2, we get 

Integrating out, we get the assertion. Here the integration constant is zero thanks 
to the homogeneity of JFq- D 

2.4. The contact term equation. In this subsection we show the following 
partial differential equation: 

Theorem 2.11. We have 

.8 2r dup du2 9 , ^ x 
A— up = ^= V -TT^j^j, logOB Or 



for p — 2, 3, . . . , r. Here E is the even half-integer characteristic given by 
(EB. 



A 



This equation was first derived by Losev-Nekrasov-Shatashvili [451 146| during 
their study of the topologically twisted version of A/" = 2 SUSY Yang-Mills theory, 
i.e., the physical counterpart of the Donaldson theory. More precisely, they derived 
the equation by studying the effect of the blowup on the so-called 'contact terms'. 
So we call the equation the contact term equation. Later Gorsky, Marshakov, 
Mironov and Morozov '31^ derived the contact term equation in the framework 
of the Seiberg-Witten curve. We give the proof following their approach in this 
subsection. In fact, they did not determine the characteristic. It was determined 
in |45l 14 6| . but the argument involves a physical intuition. Here we can give a 
mathematically rigorous proof thanks to our precise definition of the _B-cycles used 
in the definition of the prepotential. 

For a later purpose, we give a remark. Recall that (— l)P'Up is the pth elemen- 
tary symmetric function in in variables zi, • • • , Zr. Let Cp be the pth power sum 

multiplied by -^^ — — —: 



(2.12) Cp = - — " , zg, Cl = 0, C2 = U2, • • • ,etc. 



p\ ^ 
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Then (c2, C3, . . . , c^) is another coordinate system on the u-plane. Since Cp is a 
polynomial in Uq's, it is also a solution of the contact term equation: 



A 9 



2r s—^ dcp 



dcp du2 d 



Q,/3=2 



daf3 dTap 



iogeB(o|T) 



Before giving the proof of Theorem 12. Ill we give a corollary which will play an 
important role later. 



Corollary 2.13. 



4' 



01,0=1 



dTal 



■logeB(0|r). 



This equation together with the description of the perturbative part (Proposi- 
tion [^7|l completely determines the prepotential Tq. See the proof of Theorem 15. 71 
and H5. 21 below. This observation was due to |17| . (See also j53) for an earlier result 
for SU(2).) 

Proof of Theorem 12.111 Recall that we consider Up as functions of A. 
We differentiate by log A to get 



Edup 



d 



d log A dup 



dS 



d 



-dS = 0. 



Therefore 



E 

p 

r 

2^ 



dup da^ 
d log A dup 

{P{z) + y)dz 



^ -ds 



9 log A 

P{z) dw r f P{z)dz 

y 



9 log A 27r P'{z) w 2n 



The last expression can be given by the Szego kernel (see (|B.7ll 'l as 



*|(2l,00±) 



P{z,)±yiz,] 
2y(^i) 



dzi d — 

Z2 



Here we choose the leftmost point z^ as the base point for the Abel-Jacobi map. 
And the even half-integer characteristic E corresponds to the partition of the 
branched points into 

{z+ I a = 1, . . . , r} U {z~ I a = 1, . . . , r}. 
On the other hand, we have 



1 sr-^ dup zJ Pdz 
2tt ^ dap y 



1 du2 ^ /I 



27r dap 



where we have used y ^ z^ aX z = oo± in the second equality. Therefore by Fay's 
identity HB.6|I we have 



r f {P{z) + y)dz r du2 



2-K 



V 



27r2 dap d^ad^p 



loge£(0|r) 



2r du2 d 
TTx/^ dap dTt 



/3 CIT ap 



loge£(0|r). 
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In the second equahty we have used the heat equation and the fact that E is an even 
half-integer characteristic, and hence the derivative of Qe{£,\t) at ^ = vanishes. 
Multiplying the matrix to both hand sides, we get the differential equation 

as in the assertion. 

Finally we determine the even half-integer characteristic E explicitly. Looking 
at Figure ^ we find that the partition corresponding to characteristic is 

{^l^j ^2 ' ^3 ^ ■ ■ ' } ^ {^1 I ^2^' ^3 ' ■ ■ ' } ■ 

Namely z^^ and z^ for a even are interchanged from E. Since J^^ ~ \ Sa ~ 
^(5a/3, we find that the characteristic E is 



ED. □ 




A 

Remark 2.14. In 31 'time variables' Ti, T2, T^^i are introduced in 
the framework of Whitham hierarchy. Then the contact term equations are the 
specialization of the equations at r2 = T3 = • • • = (Ti is essentially log A). On 
the other hand, we will introduce infinitely many variables ri , T2 , . . . in 21 We will 
show = g|- for p = 1, 2, . . . , r — 1 when it is restricted to ti = r2 = • • ■ = 
in Theorem 15. 7r 2). However the equations for the Tp-derivatives are not explicitly 
written down, and are different from the equations for Tp-derivatives outside this 
subspace. 

2.5. Rank 2 case. When r = 2, i.e., the Seiberg-Witten curve is an elliptic 
curve, we have the expressions (|1.3|l for u, a in terms of theta functions and Eisen- 
stein series. Here we write u = U2, a — a2. The derivation of the expressions are 
left to the reader as an exercise. One can prove Theoreni l2 . 1 ll using the expressions. 
See 1311 Appendix]. 

Let us record the following formula for the later purpose. 

(9u „ du ^ ^2E2 + 0^0 + Ofo . du 



dA da 3000010 da 

(2.15) . . 9 , , , " 

1 fdu\ 2eL + e^r,.^ 1_ fdu 



da) 3 eloOlo 3 ^ \ daj 3 



where the first equality follows from the homogeneity of u. 

For the reader who wants to compare the formulas with ones in the literature, 
we record how parameters differ. Let us make a change of variable by 



u . 9Z - V-u + 2A2 



3 z + V-u + 2A2 



The branched points z ^ \/-u + 2A2, + 2A2, \/-u - 2A2, -u - 2A2 are 

mapped \,o w — ujZ, ( 
And the curve y^ = 
4t(;^ — g2W — (73 with 



mapped to w = u/3, 00, (— u — '■!>\/v? — 4A^)/6, {—u + Z\/v? — 4A^)/6 respectively. 
And the curve y^ = (z^ + uf' — 4A'* is isomorphic to a Weierstrass form y^ 



52 = 4 ( - A^V 53 = -^«(8«2-36A^ 



This is the form of curves appeared in |24) with u replaced by —x therein. If we 
make a further change of variable as if = 2x -I- u/3, we get 

In / , u A'^^ 
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This is the form of the curves in 3A after the replacement u i— > —2u, y >—> 4-\/2y- 

3. Instanton moduli spaces 

3.1. Basic definitions. In this and next subsections we briefly recall proper- 
ties of framed moduli spaces of instantons (resp. torsion-free sheaves) on 5"* (resp. 
P^) and the corresponding moduli spaces on blowup. For more detail, see [611 §1] 
and |6UI Chapters 2,3] and the references therein. 

Let M(r, n) be the framed moduli space of torsion free sheaves on with rank 
r and C2 = n, which parametrizes isomorphism classes of {E, $) such that 

(1) iJ is a torsion free sheaf of rankE' = r, {c2{E), [P^]) = n which is locally 
free in a neighbourhood of £cc, 

(2) (f>: E\i^^Of^ is an isomorphism called 'framing at infinity'. 

Here £oc = {[0 : zi : Z2] G P^} C P^ is the line at infinity. Notice that the existence 
of a framing $ implies ci{E) = 0. 

This is known to be nonsingular of dimension 2nr. 

Let MQ''^(r, n) be the open subset consisting of locally free sheaves. By a result 
of Donaldson |13 | it can be identified with the framed moduli space of instantons 
on S'^ which parametrizes anti-self-dual connections A on a principal SU(r)-bundle 
P with (c2{P), [S'^]) = n modulo gauge transformations 7 with = id. 

Let Mo(r, n) be the Uhlenbeck (partial) compactification of AfQ°®(r, n). Set 
theoretically it is defined by 

n 

Mo(r, n)=\_\ Mn'°s(r, n - k) x S''=C^ 

fe=0 

where is the fcth symmetric product of C^. We can endow a structure of an 

affine algebraic variety to Mo(r,n) so that there is a projective morphism 

tt: M{r,n) Mo{r,n). 

The corresponding map between closed points can be identified with 

(E,$) ^ ((S^^,$),Supp(E^^/E)) e Mo^"S(^^„') X 5"-"'c^ 

where is the double dual of E and Supp(£:^^/£:) is the support of E'^'^/E 
counted with multiplicities. Note that i?^^ is a locally free sheaf. For moduli spaces 
on general projective surfaces, such morphisms from moduli spaces of sheaves to 
Uhlenbeck compactifications were constructed by J. Li 39 and Morgan 55 . 

Let T be the maximal torus of GLr(C) consisting of diagonal matrices and let 
T = C* X C* X T. We define an action of f on M{r,n) as follows: For (ti,i2) e 
C* X C*, let Fti.t2 be an automorphism of P^ defined by 

Ftj,t2([zo : zi : Z2]) = [zo ■ hzi : i2^2]- 

For diag(ei, ... ,6^) £ T let Gei,...,e^ denotes the isomorphism of Of^ given by 

Of^ 9 (si,...,Sr) I — > (eisi, . . . ,erSr)- 
Then for {E, <&) e M(r, n), we define 

(3.1) (ti,t2,ei,...,e,)-(i?,$) = ((F,-\J*£;,<I>'), 

where is the composite of homomorphisms 

{FrXTEv^ ^^^^^ (KXr^Z of: of:- 
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Here the middle arrow is the homomorphism given by the action. 

In a similar way, we have a T-action on Mo{r,n). The map tt: M{r,n) — > 
Mo(r, n) is equivariant. 

The fixed points M(r, n)^ consist of {E, $) = (/i, $i) ® • • • ® (Ir, $r) such that 

a) la is an ideal sheaf of 0-dimensional subscheme Za contained in = 

b) is an isomorphism from {Ia)e^ to the ath factor of Of^. 

c) la is fixed by the action of C* x C*, coming from that on P^. 

On the other hand, the fixed points Mo{r, n)'^ consist of the single point n[0] G 
5"C2 c A/o(r,n). 

We parametrize the fixed point set M(r, n)"^ by a r-tuple of Young diagrams 
Y — {Yi, . . . ,Yr) so that the ideal is spanned by monomials x^y^ placed at 
{i ~ Ijj — 1) outside Yq as illustrated in Figure [3 The constraint is that the total 

number of boxes \Y\ \ Ya\ is equal to n. 




.5 



Figure 2. Young diagram and ideal 

Let Y ~ (Ai > A2 > • • • ) be a Young diagram, where Xi is the length of the zth 
column. Let Y' = {X[ > A2 > . . . ) be the transpose of Y. Thus A^- is the length of 
the jth row of Y. Let 1{Y) denote the number of columns of Y, i.e., 1{Y) = X[. Let 

ay(«, j) = - a'{i,j) = j -1 

lY{i,j) = X'j-i, l'{i,j)=i-l. 

Here we set A^ = when i > 1{Y). Similarly A^ — when j > 1{Y'). When the 
square s — lies in y, these are called arm-length, arm-colength, leg-length, 

leg-colength respectively, and we usually consider in this case. But our formula 
below involves these also for squares outside Y. So these take negative values in 
general. Note that a' and V does not depend on the diagram, and we do not write 
the subscript Y. 

Theorem 3.2. Let (£',$) be a fixed point of T-action corresponding to Y = 
(Yi, . . . ,Yr). Then the T -module structure of T(^E,<i>)M{r,n) is given by 

r 

E <,3(^l,i2), 
a,/3=l 
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where 

Here we have used the following notation. 

Notation 3.3. We denote by Cq (a = 1, . . . , r) the one dimensional T-module 
given by 

T 9 (ti,t2,ei, ...,er)^ Ca. 

Similarly, ti, t2 denote one-dimensional T- modules. Thus the representation ring 
R{T) is isomorphic to Z[tf,tf,ei, . . . , e^], where is the dual of e^. 

3.2. Moduli spaces on the blowup. Let be the blowup of at [1 : : 0]. 

Let p: P^ ^ denote the projection. The manifold P^ is the closed subvariety of 
p2 X pi defined by 

{([20 : zi : Z2], [2 : w] e P^ X P^ I ziw = Z2z}, 

where the map p: P^ P^ is the projection to the first factor. Let us denote 
the inverse image of £00 under P^ P^ also by £00 for brevity. It is given by the 
equation 20 = 0. The complement P^ \ £00 is the blowup of C'^ at the origin. 
Let C denote the exceptional set. It is given by zi = 22 = 0. 

In this subsection, O denotes the structure sheaf of P^, 0{C) the line bundle 
associated with the divisor C, 0{mC) its mth tensor product. 

Let M(r, k, n) be the framed moduli space of torsion free sheaves (S, $) on P^ 
with rank r, {ci{E),[C]) = -k and (c2(£;) - ^ci{Ef ,^'^]) = n. This is also 
nonsingular of dimension 2nr. (Remark that n may not be integer in general.) 

Theorem 3.4. There is a projective morphism tt: M{r,k,n) — > Mo(r, n — 
^k{r - k)) {0 < k < r) defined by 

{E, $) ^ (((p,^;)^^, $), Supp(p,£;^^Mi;) + Supp(i?V*^)) • 

Let us define an action of the (r + 2)-dimensional torus T = C* x C* x T on 
M{r,k,n) by modifying the action on M{r,n) as follows. For (ti,i2) € C* x C*, 
let F/^ be an automorphism of P^ defined by 

-ft'i.tad^o : zi : 22], [2 : w]) = {[zq : hzi : ^2^2], [tiz : t2w]). 

Then we define the action by replacing Fj^^f^ by F/^ (|3.1I) . The action of the 
latter T is exactly the same as before. The morphism tt is equivariant. 

Note that the fixed point set of C* x C* in = P^ \ £00 consists of two points 
([1:0: 0], [1 : 0]), ([1:0: 0], [0 : 1]). Let us denote them pi and p2. 

Let us define an action of the (r + 2)-dimensional torus T = C* x C* x T on 
M{r,k,n) by modifying the action on M{r,n) as follows. For (<i,i2) G C* x C*, 
let F/^ be an automorphism of P^ defined by 

^t'l.tad^o : zi : 22], [2 : w]) = {[zq : tiZi : ^2^:2], [hz : ^2^])- 

Then we define the action by replacing Fi^.f^ by F/^ in (|3.1() . The action of the 
latter T is exactly the same as before. The morphism tt is equivariant. 

The fixed points M(r, k, n)^ consist of (F, $) = (/i(A;iC), • •©(/^(fcrC), $r) 

such that 
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a) Ia(kaC) is the tensor product la ® 0{kaC), where ka E Z and is an 
ideal sheaf of O-dimensional subscheme Za contained in =F'^ \iao- 

b) $Q is an isomorphism from {Ia)e^ to the ath factor of Of^. 

c) la is fixed by the action of C* x C*, coming from that on P^. 

The support of Z^, must be contained in the fixed point set in C^, i.e., {pi,P2}- 
Thus Za is a union of Z^ and Z^ , subschemes supported at pi and P2 respectively. 
If we take a coordinate system {x,y) = {zi/ zq,w/ z) (resp. — {z/w,Z2/zq)) around 
Pi (resp. P2), then Z^ (resp. Z^) is generated by monomials x^y^ . (See Figure|31) 
Then Z^ (resp. Z^) corresponds to a Young diagram (resp. F^) as before. 
Therefore the fixed point set is parametrized by r-tuples (fc,Fi,y^) = {{ki,Yi ,Yi), 
. . . , {kr,Y^ ,Y^)), where fc^ € Z and Y^, Y^ are Young diagrams. The constraint 
is 

(3.5) ^ka^k, |yi| + |f2| + l^|fc„-fc^|2=n. 

a a<l3 

We will use the convention for k in 'IXI 

Note that the fixed point data have three parts, k, Y^ and Y^. This will be 
reflected in the blowup formula 1)4. 6|l below. Also, the appearance of fc e explain 
the reason why many formulas below contain the theta function. 




{zi/zq,w/z) 



Figure 3. blowup and fixed points 

Theorem 3.6. Let (-E, $) be a fixed point of T-action corresponding to {k,Y^, 
y^). Then the T-module structure ofT(^E,i>)M{r,k,n) is given by 

r 

^4^(tl,t2)+4-^-'°<^(tl,i2Al)+4^^'°<;(tlA2,t2), 
a, 13=1 



where 



^ t^ H^^ ifka > kf3, 

i,j>0 

i^'t^' ifka + Kkp, 
otherwise. 



i,j>0 
i+3<kf3-k^-2 
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The reason for the change of weights (ii,<2/ii), (^1/^2,^2) is clear. It comes 
from the action on the coordinate system around pi and p2 ■ 

3.3. Topology of moduli spaces. Thanks to the existence of the torus ac- 
tion, the homology groups of M{r,n), AI{r,k,n) enjoy nice properties. In particu- 
lar, we can calculate their Betti numbers whose generating functions have beautiful 
formulas. The results of this and next subsections will not be used in the other 
parts of this paper. The reader in a hurry may skip this and next subsections. 

Theorem 3.7. (1) 7r~^(n[0]) is isomorphic to the punctual quot-scheme pa- 
rameterizing zero dimensional quotients Op2 — > Q with Supp{Q) = n[0]. 

(2) M{r,n) is homotopy equivalent to 7r^"'^(n[0]). 

(3) Both M{r,n) and TT~^{n[0]) have a-partitions into affine spaces. 

(4) HoM{M{r,n),'Zi) = and Hcvcn{M{r,n),'Z) is a free abelian group. The cy- 
cle map A^,{M{r,n)) — )■ Hcvcn{M{r,n),'Zi) is an isomorphism. The same assertions 
hold for 7r-i(n[0]). 

Recall that a finite partition of a variety X into locally closed subvarieties is said 
to be an a-partition if the subvarities in the partition can be indexed Xi , . . . , X„ 
in such a way that Xi U X2 U ■ ■ ■ U Xi is closed in X ior i ~ 1, . . . ,n. 

Here iJ*(»,Z), denote the Borel-Moore homology group and the Chow 

group. See fjCJ 

Proof. (1) By the geometric description H3.1|l of the map tt, the fiber 7r^-'^(n[0]) 
consists of (£;,$) such that = Op and Supp{0®2/E) = n[0]. Thus the 

quotient O®^ / E is a point in the punctual quot-scheme. 

(2) A similar result was proved in ;58i 5.5] for quiver varieties by using a 
C*-action. The proof can be adapted to our situation as follows. 

Let us consider a one parameter subgroup C* 9 t i— > \{t) = (t, i, 1, . . . , 1) € T. 
When t ^ 0, \{t) ■ x goes to for any x in AIo{r,n). Now apply an argument of 
Slodowy ISZI 4.3] to n: M{r,n) Mo{r,n). 

(3) Choose a generic one parameter subgroup A : C* ^ T so that the fixed point 
set is unchanged: M(r, n)-^'-''^ ^ = M{r, n)^ . Moreover we take so that limj^o ^(t) = 
0. Then points fixed by A(C*) are given as above. In particular, they form a finite 
set. For each fixed point w, we consider (±)-attracting set: 

— < X M{r, n) lim X{t) ■ x — w> , = < x E M{r, n) lim X{t) ■ x = w> . 

These are affine spaces by |2- Moreover, there exists an order on fixed points so 
that Uy<«, (resp. Uy<u, is closed in IJ^ 5":^ (resp. IJ^ Ux) for each w. (See 
e.g., 13 §1].) We claim that U -Su, = M{r,n), [JUyj = TT~^{n[0]). Consider the cor- 
responding action on Mo{r,n). For this purpose, we recall the ADHM description: 
Mo(r, n) is an affine algebro-geometric quotient 

{iB,,B2,i,j) I [i?i,i?2]+*J=0}//GL„(C), 

where B2 are nx n complex matrices, and i G Hom(C'', C"), j G IIom(C", C). 
(See inni Chapter 2] and ^.) The action of GL„(C) is given by g ■ (Bi, B2, ij) = 
{9Big~^,gB29~^,gi,jg~^). The T-action is given by 

{Bi,B2,i,j) I — » {tiBi,t2B2,ie^^,tit2ej), 

for ti,t2 G C*, e = diag(ei,.. .,e^) G (C*)''. 
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By |48j the coordinate ring of Mo(r, n) is generated by the fohowing two types 
of functions: 

a) tr(i?Q,„i?Q„_j • • • : C" — > C"), where = 1 or 2. 

b) x(j-BQjvi?Q„_i ■ • -Ba^i), where = 1 or 2, and x is a hnear form on 
End(C'-). 

Both types of functions have positive weights with respect to A. Therefore every 
point in Mo(r, n) converges to as i — *■ 0, and every point except goes to infinity 
as t ^ oo. Since tt is proper, we get the claim. (We use the fact that the orbit of a 
one-parameter subgroup has hmit if it is contained in a compact set.) Thus IJ Sw 
(resp. [_}Uw) gives us an a-partition of M{r,n) (resp. 7r~^(0)) into affine spaces. 
(4) is a consequence of (3) by 9 , Lemma 1.8]. □ 

Theorem 3.8. The Poincare polynomials of the punctual quot-scheme 7r~^(n[0]) 
is given by 

(3.9) P,(^-i(n[0]))= Yl nt^('-|^<^l-"'(^"», 

(Yi,...,Yr} "=1 

where the summation runs over the set of r -tuple of Young diagrams Y — {Yi, . . . , 1^) 
with \Y\ — n. 

As in the calculation in 60 the end of Chapter 6], we get the following nice 
expression for the generating function. 

Corollary 3.10. The generating function of the Poincare polynomials o/7r~^( 
n[0\) is given by 

r oo 

Y^p.in-^uMw = n n i_,2M-.v 

n a=l d=l 

Proof of Theorem 13. 8L Since 7r~^(n[0]) is homotopic to Af(r, n), it is enough 
to calculate the dimensions of (ordinary) homology groups. For this calculation, 
we use the a-partition given in Theorem 13. 71 

We need to specify the one parameter subgroup A: C* T in the proof of 
Theorem EH Let 

(3.11) x{t) ^ (^™^^"^^"^...,^"-). 

If we choose weights toi, m2, generic, the Zariski closure of A(C*) is equal to the 
whole T, and the fixed point set of A(C*) coincides with that of T. 
Furthermore, we assume 

(3.12) 7712 3> rii > ^2 > • • • > ^ TOi > 

in order to make the calculation of the index simpler. (This choice of the weights 
is due to T. Gocho, and was given as an answer to an exercise in a preliminary 
version of |60|.) 

By the proof of Theorem 13.71 the corresponding (— )-attracting set is an a- 
partition of 7r^^(0). 

Our remaining task is to calculate indices of critical points. Let (E, $) be a 
critical point, i.e., a fixed point of the T-action. Then $)M(r, n) has a T-module 
structure, and has an induced C*-module structure via A. By our choice of weights 
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(|3.12|l . negative weight spaces for C* -action are direct sum of weight spaces for 
T-action such that the one of the foUowings holds 

(1) weight of <2 is negative, 

(2) weight of <2 is zero and weight of ei is negative, 

(3) weight of t2, &\ are zero and weight of 62 is negative, 

(4) weight of ^2, ei, 62 are zero and weight of 63 is negative, 

(r + 1) weight of i2, ei, 62, . . . , er-i are zero and weight of Cr is negative, 
(r + 2) weight oiti, ei, 62, . . . , are zero and weight of t\ is negative. 

Recall that we decompose the tangent space into X]q /3 ^2) in Theo- 

rem 13.21 We calculate the sum of dimensions of weight spaces with the above 
condition in each summand separately, and then sum up the contribution from 
each summand. In the summand a = the contribution is 

\Y^-l{Yo). 

If a < /3, the above condition is equivalent to that weight of ti is nonpositive. 
Hence the contribution is equal to the number of terms in 61, (1.18)], i.e., 

If a > /3, the above condition is equivalent to that weight of t2 is negative. If we 
look at |61l (1.18)], we find that the contribution is 

Thus the total contribution is 

r 

Y^r\Yp\-{T-(i^\)l{Yfi). 

/3=1 

Changing the variable as Q; = r — /3-fl, we get the formula (|3.9|l . □ 

We now turn to the moduli spaces on blowup. The proof of the following is the 
same as that of Theorem 13 . 71 and hence omitted. 

Theorem 3.13. (1) M{r,k,n) is homotopy equivalent to 7f~^(?i[0]). 

(2) Both M{r, k,n) and 7f^^(n[0]) have a-partitions into affine spaces. 

(3) HoMiM(r,k,n),'Z) = and Hcvcn{M{r,k,n),7^) is a free ahelian group. 
The cycle map A^(M{r,k,n)) Heven(M(r,k,n),Z) is an isomorphism. The 
same holds for 7f^"'^(n[0]). 

The following theorem is proved in a similar way as Theorem 13.81 The detail 
is left to the reader. 

Theorem 3.14. The Poincare polynomial o/7f^^(n[0]) is given by 

a = l a</3 

where the summation runs over the set ((fci, Y^, Y^), . . . , (fc^, Y^ , Y^)) with (|3.5|l . 
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Corollary 3.15. The generating function of the Poincare polynomials of 
7f~"'^(n[0]) is given by 

n 

(T OO \ / OO \ ^ 

a=ld=l ^ J \d=\ ^ J {k]=-^ 

3.4. A different choice of the one parameter subgroup. This subsection 
is an interesting detour. We compute Betti numbers of 7f^^(n[0]) in a different way. 
A comparison with the formula in the previous subsection gives us a nontrivial 
combinatorial identity. 

Let us choose weights for the one-parameter subgroup A in (|3.11|) so that 

mi = m-i ^ ni > n2 > ■ ■ ■ > Ur > 

and mi, Ua are generic. 

Since this A is not generic, the fixed points are different from those for T. But 
they are described similarly as {E,^) = (/i(fciC), $i) ® • • • ® (/r(fcrC), $r) such 
that 

a) Ia{kaC) is the tensor product la <8i 0{kaC), where ka E I' and is an 
ideal sheaf of 0-dimensional subscheme Za contained in —F'^\£oo- 

b) <i>ct is an isomorphism from {Ia)e^ to the ath factor of Of^. 

c) la is fixed by the diagonal subgroup AC* of C* x C*, coming from that 
on P2. 

Furthermore, we can parametrize the components of the fixed point set by 
{k,Y) = ((fci, Yi), . . . , {kr, Yr)) with k^ as above and Yq, is a Young diagram. Here 
the constraint is 

(3.16) ^fca=fc, + |fc„-fc/3|2 =n. 

a a<l3 

Since this can be proved by the method in 60, Chapter 7], we explain it only 
briefly. A general point in the component (fc, Y) is {E, $) = (/i(A;iC), $i) • • • ® 
{Ir{krC), $r) such that 

a) the support of la consists of Pi,P2, ■ • • ,Pi(Ya)i contained in the excep- 
tional curve C, 

b) if ^ is the inhomogeneous coordinate of C = and 77 is the coordinate of 
the fiber & = 0(-l) ^ C, 

with^/ 

See |60l Figure 7.4]. The points Pi, P2, • • • move in P^, but their order is irrelevant 
when the values A" are the same. Therefore the component is isomorphic to 

S^^f^ X ••• X S'^'-P\ 

with the following notation: For a Young diagram Y — (Ai > A2 >•••), we define 
mi = #{Z I A/ = i}. We denote Y = (l™i2™2 • • • ) in this case. We set 

gY^l ^ ^-mipl X S-'^^pl X . . . = P™i X P™^ X • • • , 
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where S^V^ is the mth symmetric product of . 

Let {E, $) be a fixed point in the component corresponding to ((ai, Yi), . . . , (a^, Yr)). 
Then the tangent space T(^E,-s>)M{r,k,n) is a AC* x T''-module. The AC* x T''- 
module structure is independent of the choice of a point, we take the T-fixed point 
corresponding to ((fci, 0, Yi), . . . , {kr, 0, Yr)). By the formula in Theorem 13.61 we 
have 

T(^E,,>)M{r, fc, n) = ^i) + 

a,l3 

where N^'nih) = A^|^^(l,ti). By Theorem H!^ we have 



(3.17) EC-'^^'-^ + E^i' 



The following theorem is proved in a similar way as Theorem 13.81 The detail 
is left to the reader. 



Theorem 3.18. The Poincare polynomial ofn ^{n[0]) is given by 

where the summation runs over the set (fc,y) with (|3.16() . and 

I' \ ^{ka - kjs + l){ka ~ kp) ifka>kp, 
"'^ 1 i(^/3 ^ + l)(^/3 ~ ^q) ~ 1 otherwise, 

of columns ofYa which are longer than ka — kp) if ka > kp, 

of columns ofYp which are longer than kp — k^ — 1) otherwise. 



Let us consider the generating function of Poincare polynomials. We consider 
the simplest case. 

Corollary 3.19. Assume r = 2 and ci ~ 0. The generating functions of 
Poincare polynomial is 

(u I 

\J=i ^ - t^'^-^q'^)^il - fid-iqd) J 

2fe ,id-i^d 2k-l ,4d-4„d 

ETT 'i j-2fc(2fc+l)„fc^ I \ " 1 r ^ ^ 1 ^2k(2k+l)-2 

11 l_lid d y '*'Z^ 11 l_t4d d ' 'i 

,k>0 d=l ^ k>0 d=l ^ 

Comparing with the formula in Corollarv l3.15l we get the following identity 

2fe 1 _ ,4d-4„d 2fc-l _ ,4d-4„d 

ETT 1 4-2k(2k+l) I \ " TT ^ ^ 1 42fc(2fc+l)-2„fc^ 

11 l_<4<i„<i ^Z^ll l_i4d„d ^ 'i 
(onn.\ k>Od=l ^ k>0 d=l ^ 

°° 1 +4d-2„d °° 

= n^r^ E - 

d—l k— — oo 

Since this identity does not involve any geometric information, it is natural to 
expect to have a direct proof. Such a proof was provided for us by Hiroyuki Ochiai. 
See d 
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Finally let us remark that the results of this and the previous subsections 
give the blowup formula for the virtual Hodge polynomials of moduli spaces for 
an arbitrary projective surface X. Let H be an ample line bundle over X. For 
ci S H'^{X,Z), n G Q, let MH{r,ci,n) be the moduli space of iJ-stable sheaves E 
on X with ci{E) = ci, C2{E) - ^ci{E)^ = n. We assume GCD(r, (ci,i?>) = 1. 

Let Mnir, c\ + fcC, n) be the moduli space of (H — eC)-stable sheaves E on X 
with cx{E) — p*ci + kC, C2{E) — ^^ci{E)'^ = A, where ci, n is as above, k e Z, 
and e > is sufficiently small. 

Let e{Y; x, y) denote the virtual Hodge polynomial of Y introduced in jH]- 

Theorem 3.21. The ratio 



This result is proved as follows. From the proof of Theorem 13.41 for arbitrary 
surface X, we have a stratification of MH{r,ci,n) such that tt is a fibration over 
each stratum. The fiber is independent of X, and isomorphic to our 7f^^(0) defined 
for the framed moduli spaces. Then properties of virtual Hodge polynomials give 
the above assertion. 

Finally remark that the above holds in the Grothendieck group of varieties, if 
we replace (xy)" by [C"]. This generalizes |3U| from rank 2 to higher ranks. 

Remark 3.22. This result was obtained by the second author 72]. In fact, 
he assumed that the moduli spaces are nonsingular and used the Weil conjecture 
to count numbers of rational points over finite fields. He did not use the framed 
moduli spaces nor the morphism tt as did in here. The above proof, under the same 
assumption, was obtained in July, 1997. The authors then noticed that W-P. Li and 
Z. Qin |40L I41L I42| obtained the above result for rank 2 case, where the universal 
function is given in the form corresponding to CoroUarv 13.191 The authors then 
learned the virtual Hodge polynomials are natural language here. 



Nekrasov's deformed partition function j62| . more precisely, the one with higher 
order Casimir operators turned on, can be considered as the generating function 
of the equivariant homology version of Donaldson invariants on C^. We give its 
definition and also the one for the blowup at the origin in this section. We then 
study their relation by using the localization theorem in the equivariant homology 
groups. (See iO l 

As for the calculation of original Donaldson invariants, the localization tech- 
nique was not so useful even if we assume the base manifold has large symmetry 
(say X — Y'^). This was because the fixed point sets are not isolated in general, and 
are still difficult to study. The crucial difference here is the existence of the framing: 
A point in M{r, n) is fixed by the action given by the change of the framing if and 
only if it is a direct sum of rank 1 sheaves. The rank 1 sheaves are easy to study. 




n 



is independent of the surface X and is given by 




4. Nekrasov's deformed partition function 
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4.1. Equivariant integration. Before giving the definition, we explain a gen- 
eral setting for the 'equivariant integration' via the localization theorem. 

Let T be a torus acting on an algebraic variety N. Suppose that the fixed 
point set N'^ consists of a single point o. Then the push-forward homomorphism 
for the inclusion lq: {o} — > iV induces an isomorphism between localized equivariant 
homology groups 

(io). : S = hJ{o) ®sS^ HjiN) ®s S, 

where S — H^{pt) and S is its quotient field. Furthermore, if /: M — > is a 
T-equivariant proper morphism, we can define Hj [M) — > 5 by 

We denote this by This makes sense even when M is not necessarily compact. 
But it takes a value in the rational function field S. When M is compact, it 
coincides with the usual integration and has values in S. 

For equivariant iiT-homology groups, we have a similar homomorphism defined 
by the same formula: 

where TZ is the quotient field of the representation ring of G. This has a relation 
with equivariant Hilbert polynomials. See [61i §3]. 

Suppose M is nonsingular. Let M'^ = |J^ Fi be the decomposition of the fixed 
point set M'^ to irreducible components. Let Ni be the normal bundle. Note that 
we only have finitely many components, and each Fi is compact, as / is proper and 

= {o}. By the functoriality of the push-forward homomorphism, we have 

/ " 1^ / — TFT'-i"' 
Jm ^JF^eTiF,) 

where eT{Ni) is the equivariant Euler class and i* is the pull-back homomorphism 
for the inclusion bi: Fi M defined via the Poincare duality homomorphism. Here 
jp is the usual integration as Fi is compact. When M is compact, the fractional 
parts of each summand of the right hand side cancel out, and the final answer is in 
5". But this does not happen when M is noncompact in general. 

4.2. Universal sheaves. Since we need higher rank generalization of Don- 
aldson's /i-map, we begin with the description of universal sheaves on the moduli 
spaces. 

Over the moduli space M(r, n), we have a natural vector bundle whose 
fiber at {E,if>) is H^{E{-~loc)). In the ADHM description in (HHI Chapter 2], this 
is the bundle associated with the natural principal GL„(C)-bundle, coming from 
the construction of M(r,n) as a quotient space. If £ denotes a universal sheaf on 
p2 X M{r,n), we have V = R^p2*\£ ^ pl{0{-i^))). 

We also have another natural vector bundle W , given by the fiber at infinity: 
W — H^{E\i^). This is a trivial bundle, but nontrivial as an equivariant bundle. 
We also consider bundles 5"+ = Op2(-l) e'ip2(l) and S~ = Op2 Op2 over 
with the T^-action such that chS'J" = l + fj~^t^^, chS^^ = t^^ +^2^ '^^ the fibers at 
the origin. (They are positive and negative spinor bundles , S~ when restricted 
on R^.) We then form a virtual equivariant vector bundle on x M(r, n) by 

Op2MW + {S- -S+)^V. 



28 



HIRAKU NAKAJIMA AND KOTA YOSHIOKA 



By |61l Lemma 1.8], this virtual equivariant bundle is isomorphic to the univer- 
sal sheaf S in the equivariant i^-cohomology group K^{f'^ x M(r, n)). We denote 
the virtual bundle by £ hereafter. 

The character of the fiber of £ at the fixed point (0, Y) is given by 



(4.1) 



(0,Y 



^ ch(5) = ^ e"^" 1 - (1 - e-0(l - e^=) ^ e''^^^'-+^' 



(s)e2 



where we set Cq = e ti = e ^^^2 = 6 as usual. Let (71 = [0 : 1 : 0], 
92 = [0 : : 1] be two other fixed points in P^. We have 



We define 



ch(£)/[C2 



1 



a=l 



^{0}xAf(r\n) 



ch(£). 



Since is noncompact, the slant product /[C^] is not defined in the usual sense. So 
we define it by formally applying Bolt's formula. The homogeneous degree part of 
this is an element of the localized equivariant cohomology group H~^{M{r, n))(g)sS, 
but its fractional part is a constant in the following sense: 



4 {cH£)/[c']) 

4(cMg)/r]) + ^^(J„^^) ^;,,^)Ch(g) 
(ch(£:)/r]) + -^X:^"°' 



(ei - £2)62 



ch(f ) 



£ie2 



a=l 



and each degree part of 



(1 - e^i)(l - e^2) 



(Ch(£)/[P2]) = ^I'l' J2 E 



(s)e2 



a=l seYa 



£l£2 

is a polynomial. We remark 

ch(£)/[p2] = ch {{S- - S+) K V) /[p2] 

since ch(VF Kl Op2) /[P^] = 0. Now the slant product /[P^] in the right hand side 
can be replaced by /[C^] since — is zero at £00 = P^ \ C^. This observation 
also matches with the above formula of (ch(£)/[P^]) . 

Let us define the instanton part of the partition function by 



00 „ / 00 

n=0 JM{r,n) 



E 



(00 r 
EE^p 
p — l OL — l 



£l£2 



1 -(1- 6^-^(1 -e^^) E 



J' (s)si+a' {s)e2 



P-IJ 
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where chj,+i is the degree (p + l)-part of the Chern character, denotes 
the degree {p — l)-part of <v5, and /^./j^^) 4 means (to*)~"^7r* (4 n [M{r,n)]) with 

io : {0} Mo{r,n) is the inclusion of the unique fixed point G Mo(r, n)^. Fur- 
thermore, p{ei, 62, a) is the equivariant Euler class of the tangent space at the 
fixed point Y. It is given by the explicit formula: 



il,/3(£i)£2,a) = Y]_ {~lYp{s)£i + {aY^{s) + l)e2+ai3-aa) 

n (C^.W+l) 

£1 - aVf, {t)£2 + a/3 - da) ■ 



X 



The indeterminate q should be distinguished from q = e'^^~^'^ which will appear 
later. 

Note that each coefficient of q" has a complicated, but explicit expression. For 
small n, it is easy to compute. (The authors wrote a MAPLE program, which was 
very useful when we found our main result.) But when n increases, the number 
of Young diagrams becomes large, and it becomes difficult to compute. We are 
interested not in individual coefficients, but in the generating function. 

By ()4.1|l we have 

(chi(£)/[C2]) = ^ a„ = 0, (ch2(£)/[C2]) = -l-J2al-n. 

£l£2 — ^ei£2 — 



By the first equality, we did not include tq in r. Also, the second equation means 
that Ti is essentially equal to — logq (see also i|4.5|l . but we use both of them to 
simplify the blowup formula below. 

If we set T — 0, we get the partition function studied in |61j . which was denoted 
by Z{ei, £2, a; q) there. But we emphasize that this is only the instanton part of the 
partition function. It is more natural to include the perturbative part also. This 
will be done in ij4.4l This is the reason why we change the notation. 

If we expand the exponential, Z'"*''(ei, £2, a; q, t^) becomes 



00 „ 

n ,, „■ J M{r,n) ■ 



M{r,n) ' 

where ^ = (^1 > /i2 > ■ • • ) is a partition. Therefore Z"^''*(£i, £2, a; q, f) is the 
generating function of all intersection numbers of Chern classes of universal sheaves 
slanted by the fundamental cycle [C-^] . 

The following formula will be useful later: 



(4.2) 



d 



Z'"^*(£i,£2,a;q,f) 



El" / (\{c\.+i[£)/[^'']\ nexp (f;rpCh,+i(£)/[C2] I 



for a partition /i — (/ii > > 
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4.3. Partition function on the blowup. We consider similar partition func- 
tions on the blowup: 

^ci=fc(ei.^2,a;q,T,t) 

= 5]q" / exp ( hp (chp+i(£)/[q) +Tp (chp+,i£) /[&])}] , 

JM{r,k,n) \p^i 1^ ^ ^ ^ ^ J y 

where is a universal sheaf over x M(r, fc, n) and ch(£)/[C^] is defined as above 
via the localization (see below). And the summation runs over n £ Z>Q + ^k{r — k). 

Here we do not include to though chi(f)/[C] is not in general. In fact, it is 
constant —k. 

We calculate this by using the localization formula. Recall {{[zq : z\ : Z2], [z : 
w] e P2 X pi I ziw = Z2z}. Let pi = ([1 : : 0], [1 : 0]), P2 = ([1 : : 0], [0 : 1]), 
gi = ([0 : 1 : 0], [1 : 0]), (72 = ([0 : : 1], [0 : 1]) be the fixed points in P^. We 
use the same notation for the latter two points as fixed points in P^ , since they are 
mapped to corresponding points under the projection p: P^ — >■ P^. The characters 
of the fibers over the fixed points are given by 



a — *a+£i k 



€2^62 ^ 

a — >-a-\-e2 k 



^l.ay^y^cm) = . ^.,^^.,^(ch(£)) = 

a=l 

For the first two equalities, see the proof of [611 2.4]. The last two equalities are 
obvious since p is isomorphism outside the exceptional set. Therefore ch(£)/[C^] 
has the same constant fractional part as ch(£)/[C^]. 
Therefore we have 



I - (1 - e"0(l - e"^-^^) J2 e^''-"^''^"' 



£2 



(ei - £2)62 



ei 6*-, (ch(£)/[C2]] 



ei-ei + 62 L*-2 (Ch(£)/[C^]) Li^ei-e. 



and 



''(fc,Yi,y2) 



E2^£2-ei 
a — >a+ei 



£1— £2 
£2^£2 ^ 

a—^a+€2k 
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Note also that the equivariant Euler class of the tangent space (fc, yi, F^) given 

by 

JJZ^_^(ei,£2,a) n^^p{ei,e2- ei,a + Elk) ni^p{ei - ^2, £2, a + ^2^), 

a, (3 



where 



W ("iei - j£2 + x) 



(4.3) 



s''(£i,£2,a;) = < 



if fc > 0, 

W ((i + l)£i + (j + l)£2 + a;) iffc<-l, 
1 fc = Oor-l. 



i+j<k-l 



i+j<-k-2 



Therefore 



(4.4) 



^ci=fe(ei>*^2,a;q,T,i) 

a,/3 



Z'"'''(£i,£2 - £i,a + £ifc;q,f+£it) 



Z'"'''(£i -£2,£2,a + £2fc;q,T + £2i), 



where r + £it means (ti + £1^1, T2 + £1^2, ■ ■ ■ )i ^-^id This is a generalization of 
the blowup formula. (In our previous paper j6li . we only consider the case t — 
(<,0,0,...).) 



4.4. Adding perturbation term. We define the full partition function by 



Z(£i,£2,a;q,f) = exp 



Z'-'(ei,£2,a;q,T), 



where Jei,s2 is as in ilEl and A — q^? as usual. The first term is the perturbation 
term of the partition function. 

We choose the branch of log in the perturbative term as explained in the para- 
graph after Proposition 12. 71 See (|E.5|I . 

We have 

7£i,e2-ei(aa - 0/3 + £1(^0 - kp); A) + 7e^_e2^e2(aQ ~ Up + e2{ka - kp); A) 



E 

a#/3 



7£i,e2(Oa - a/3; A) + logs °(£l,£2,aa - O/3) r log A 
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by (|K2)i . Therefore 
(4.5) 

Z{ei,S2 - El, a + £ifc; q,T + eit) Z{ei - £2, £2, a + ^2^; q,T*+ £2^) 



exp 



■ X! T£i,e2(aa - o/j; A) 



n 



a./3 ^^,Q(£l>£2,a) 

X Z'""*(ei, £2 - ei, a + £ifc; q, f + ei^) Z'"^*(ei - £2, £2, a + £2^; q, t + £2^). 
Then the blowup formula (|4.4II is simplified as 

Z=i=''(£i,£2,a;q,f,t) 
(4.6) ^ ^ £2 - £1, a + £iA:; q, f + £it) Z(£i - £2,£2, a + £2fc; q, f + £2i), 

where 

Z''^=''(£i,£2,a;q,f, = exp 



Zr*(£i,£2,a;q,T,i). 



Remark 4.7. As we saw, the blowup equations are simplified if we include the 
perturbation part. This was pointed out to us by N. Nekrasov. Probably this is 
already enough for the reason for the perturbation term. But it has a geometric 
meaning as a regularization of the Euler class of an 'infinite rank' vector bundle. 
(See |62l §3.10] and JO below.) 

4.5. Ti versus logq. Let ti = (ti,0,0, •••) be a vector with the first entry 
only. We have 



Z'""*(£i,£2,a;q,f+fi) = exp 
On the other hand, we have 



Tl 



2£i£2 



Z (£i,£2,a;qe \- 



exp 



exp 



exp 



- 7ei,e2(aa - a/3; A exp(- ^)) 



exp - ^ (cq - a^j; A) 



y- 

Or 

n 



TiUaa-apY . (fla - a/3)(£i + £2) , £? + £i + 3£i£2 



2r [ 2£i£2 2£i£2 12£l£2 

ri(r-l)(£2+£2 + 3eie2)" 



exp 



2£i£2 
by (IE. 411 . Therefore 

Z(£i,£2,a;q,f+fi) = exp 

In particular, we have 
(4.8) 

(^)^^(^i'^2,a;q,T) 



24£i£2 

ri(r ~ 1)(£^ +£| +3£l£2) 
24£i£2 



Z(£i,£2,a;qe ^^f). 



(r- l)(£2+£2+3£l£2) 3 



24£i£2 



■aq 



N 



Z(£i,£2,a;q,f) 
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for e Z>o. 

5. The blowup equation and Nekrasov's conjecture 

The blowup formula (|4.fi|l equates the unknown function Z'^^^^ to the unknown 
Z. It is useless unless we know either or their independent relation. We do not 
have such knowledge so far in general, but we do know something when we restrict 
to the subspace f = 0. This will be given in this section. An application is a 
solution of Nekrasov's conjecture: £i£2 log ^(ei, £2, a; q, 0)|^ ^ is equal to the 
Seiberg-Witten prepotential .Fo(a; A) introduced in fj^l 

Let 

F(£i,£2,a;q,f) = £i£2 log Z(£i, £2, a; q, f). 

Here the logarithm is defined as follows: We first separate this into the perturbative 
part and the instanton part 

F(£i,£2,a;q,f) = -£i£2 ^ 7ei^e2(aa - a/3;A) +£i£2 logZ'"^'(£i,£2,a;q,f). 
We denote the second part by F'"*''(£i, £2, a; q, t). It has the form 



Zm^p[''°°]p+i+^i^2 log 



^q"/ expK]TpChp+i(£)/[C2] 

,n=0 "'M(r,n) , 



Since the summation in the last part starts with 1, its logarithm makes sense as a 
formal power series in q. 

5.1. Gap from the dimension counting. In this subsection we derive a 
differential equation from a simple geometric consideration, which is well-known in 
the context of Donaldson invariants. 

Lemma 5.1. Let < k < r. Then 

Zi-*,(£i,£2,a;q,f,t) = 0((f, 

Here we put deg Tp = p — 1, degip = p and 0((r, t)^) means that it is a sum 
of monomials of degree greater than or equal to TV. When it is a function only in 
T (or t), we simply denote by O(f^) (or 0{t'^)). This convention will be used in 
what follows. 

Proof. Consider the projective morphism tt : M{r, k, n) Mo{r, n — j^k{r — 
k)). Ifxe W^^iMir, k,n)), we have 

n.. (x n [Mir, k, n)]) € <,^M(....„)-2.(^^o(r, n - lfc(r " k))l 
and this is if 

dim A/(r, k,n) — d > dim Mo{r, n — —k(r — k)) k{r ~- k) > d. 

2r 

In the definition of the partition function on the blowup, we have chp+i(f )/[C] G 



r?^chp+i(f)/[p2]Gi??(p-i). 

of the degrees of tp and Tq. □ 



H-', chp_(.i(f )/[p2] £ H~f ' . The degrees exactly match with the above definition 
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Similarly we consider the fc = case. The morphism tt : M(r,0,n) — > AIo{r,n) 
is an isomorphism outside the inverse image of the closure of {0} x MQ°®(r, n — 1). 
Furthermore we have tt*{£) = £ there. Since codim({0} x M^'^^{r, n — 1)) = 2r, the 
same argument as above shows 

Z^l%{ei,e2,a; q, f, t) = Z{ei,e2, S; q, f) + 0((f, tf"-). 
Combined with the blowup formula in the previous subsection, we get 

(5.2) ^ Z(ei, £2 - £1, a + eifc; q,f + £it) Z(ei - £2,62, a + £2^; q, £2?) 

{fc}=0 

= Z(£i,£2,a;q,f) + 0((f,t)2'-), 

(5.3) ^ Z(£i,£2 - £i,a + £ifc; q, T + £ii) Z(£i - £2, £2, a + £2^; q,f + £2*) 

= 0((f,t)'=('-'=)) (0<A:<r). 

We call these blowup equations. 

5.2. Recursive structure. In this subsection we illustrate the power of the 
blowup equations: They determine Z(£i, £2, a; q, t) up to 0{f^^^^). 
We introduce two auxiliary functions: 

Fa{a) =F(£i,£2-£i,a;q,f), Fb{a) = F{ei - £2, £2, a; q, f). 

We suppress the £1, £2-dependence in the notation. 

We divide H5.2|l for ci = fc = by Z(£i, £2 — £1, a; q, f)Z{ei — £2, £2, a; q, f), 
expand with respect to the variables i, and take the coefficients of ti and t\: 



V [T^Fa{d + £ik)- —Fb{a + e2k) 



{fc}=0 

X exp 

0(^2r-l) 



£2 — £1 V^''"! ^'''1 

1 f Fa{d + Elk) ~ Fa{a) Fb{d^e2k)-Fb{d) 



(5.4) 



E 

{fc}=OL 



£2 - £1 



1 



£1 



£2 



d - d 

, ^Fa{d+ £ik) - —Fb{d+ £2k) 
£2 - £1 \OTi Dti 



1 



£i7rT-F'a(a + £1^) - £2-^Fb(d+ £2k) 



X exp 

'2r-2 



£2 - £1 

1 / Fa{d+£ik) - Fa{d) Fb{d+£2k) - Ffc(a) 



£2 - £1 



£1 



£2 



= 0(t^'-^). 



Theorem 5.5. (1) The solution -F(£i, £2, a; q, "t) of the equations ()5.4() is unique 
up to 0{t^^~^). In fact, H5.4|l determine the coefficients o/q" m i^'"''*(£i, £2, a; q, r) 
recursively up to 0(t^^~^). 

(2) T/ie coefficients of monomials in r of degree < 2r — 2 in i^(£i, £2, a; q, r) is 
regular at £1 = £2 = 0. 
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Proof. We prove the assertions by the induction on the power of q. Suppose 
that the coefficient of q™ in F{ei,e2,a;q,f) are determined for m < n. We show 
that the coefficients of q" in Fa, Fi,, and hence in F{ei,e2,a;q,f) are determined 
from (|5.4|) . 

Let us separate the terms with fc = 0. The remaining terms with fc 7^ are 
divisible by q by (|4.5I) (recaU JJ^ ^^(kft-kc,) ji _ ^\{k,k)y xhcn the equations are 
written as 

d ^ d ^ 
— — Fa(a) — — — Fi,(a) = q x known up to order n — 1, 

OTi OTi 



eiTr^^'a(a) — £2Tr^-Fb(a) = q x known up to order n — 1. 



After noticing that is essentiafiy equal to q^^ as MM the above equations gives 
a system of linear equations on the coefficients of q" in Fa{a, £i?),Ff,(a, £2^')- This 
system is uniquely solvable since the determinant of ( ^""2 _7"2 ) is nonzero. 

Furthermore, the right hand sides divided by £1 — £2 are regular at £1, £2 = if 
F(£i, £2, a; q, r) is regular. Again by the induction, we get the second assertion. □ 

5.3. Contact term equations as limit of blowup equations. In this sub- 
section we study the specialization of the differential equation (|5.2(l at £1 = £2 = 0. 
Let 

(5.6) i^(£i,£2,a;q,T) = Fo(a; q, t) + (£1 + £2)ff(a; q, t) 

+ (ei +£2)^G(a;q,f) + £i£2Fi (a; q, f) H , 

where we consider terms up to 0{t'^^~'^). 

By the exactly same argument as in 6.1], we have Z'"'''(£i, — 2£i, a; q, r) = 

Z'""'(2£i,-£i,a;q,f) up to 0(f2'-2). In particular, i?(a; q,f) up to 0(f2r-2) 
comes only from the pcrturbative term: 

H{a; q, t) = i ^ - ap) log(-l) = 7rV^(a, p). 

a<f3 

See (TOll . 

The first part of the following was proved by |61| and independently by |63| . 

Theorem 5.7. (1) FQ{a; q, 0) is equal to the Seiberg- Witten prepotential J-'o{a; A) 
with q = A^''. 

(2) For p = 2, . . . ,r, let Cp be the pth power sum in zi, . . . , Zr multiplied by 
^~^^p^^ given in ()2.12fl . We have 

dF„ 



d 



r=0 



Proof. As the name of this subsection suggests, we prove the assertion by 
studying limit of blowup equations. 
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We have 

Fo{a + eik;q,eit) Fo(a + £2^; q, £2^) 



£l(£2 - £1) 



1 



£i£2 



-Fo 



(£1 - £2)£2 

d^Fo tptq 
dTpdTq 2 



d'Fo 



dT„dd ^ da'- do 



£2i/(a + £iA:;q,£it) £iiJ(a + £2^; q, £2^) 



£i(£2 



£1 



- £2 



£l£2 



H 



dH 



£2)£2 

dH . 



9r„ ^ da' 



£1 +£2 
£l£2 
2 



H 



G 



£\G{a + £ifc; q, eit) ^ elG{a + S2k; q, £2*) _ (£1 + £2)^ - £i£2 

£l(£2-£l) (£l-£2)£2 £l£2 
Fi{a + £ik;q,eii) + Fi(a + £2/0; q, £2^) = 2Fi H . 

Here and throughout the proof, _fo, H, G, Fi and their derivatives in the right 
hand side are all restriction to r = 0. 

We divide both hand sides of H5.2|l by Z(£i, £2, a; q, t), set r = 0, and take limit 
£1, £2 0: 



(5.8) 



{fc}=0 



d^Fg t,-,t, 



p'-q 



dTpdTq 



dTpda' ^ 



d'^Fo k'k 
da'da"^ ~ 



X (-1)<'=''') exp {Fi~G)^l + 0{i 



72r\ 



where the summation symbol over p, q, /, m are omitted. Logically speaking, we 
only show F is regular up to 0(P''~^) at this moment. Thus the higher order terms 
may diverge in the limit £1 = £2 = 0. Therefore this equation should be understood 
that the left hand side is equal to 1 if we set all higher order terms to be zero. 
Let 

1 d^F^ 



(5.9) 



Tkl 



2TTy^da''da' 



This is symmetric and positive definite for q small. So we consider the corresponding 
theta function Qe with the characteristic i? = *(i ^ • • •) in the notation for the 
root system of type Ar-i- 

Comparing the constant term of (|5.8|) . we get 

(5.10) exp(G - Fi) = e£;(0|r). 

Comparing the coefficients of tptq with p + q < 2r — 1, we get 

d^Fa 1 V- d^Fo d'^Fo d 



(5.11) 







dTpdTq ttV^ f-^ dTpda' dTqda™ 9r/„ 



logei;( 



By ((331) we have -^Fq 



-^A|,Fo and ^Fo = 



Therefore the equation with p = q = I is nothing but the contact term equation in 
Corollary [TT2I 

When we consider the contact term equation as the differential equation for 
Fq, it has similar recursive structure as the blowup equation studied in tl5.2l The 
coefRcients of q" in the instanton part of Fq are determined from lower coefficients. 
In particular, the solution is unique if the perturbative part is given. Since Fq and 
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the Seiberg-Witten prepotential J-'o have the same perturbative part, we have (1) 
of Theorem 15. 71 

Let us prove the second assertion. The case p = 2 is nothing but the renor- 
mahzation group equation in Proposition 12 . 1 01 We substitute p = p— 1, q = 2 in 



dFo 



2r du2 d 

^ aa™ da'- 

1.71% 



d 



dTp^i J dn 



loge£(0|T). 



If we expand the both hand sides into the power series in q (plus the perturbative 
part), the equation determines the coefficients recursively. The point here is the 
observation that log Qe{0\t) is divisible by q. In particular, the solution is 
unique if the perturbative part is given. 

The perturbative part of J^'^° is given by 



a 

This is equal to the perturbative part of Cp. This shows our assertion. 

6. Fintushel-Stern's blov^rup formula 



□ 



6.1. In this and next subsections we assume that derivatives of -F(ei, £2: t^) 
up to the second order are regular at ei = £2 = Oi when restricted to r = 0. 
As we did in (|5.8|) we can derive the limit of the blowup formula H4.5|l as 



lim 

€1,62-^0 



Z^i='=(ei,e2,a;q,0,t) 



Z(ei,e2,a;q,0) 



(6.1) 



{fc}=-^ 

x( 



d^Fo tptq 
dTpdTq 2 



da' da"' 



4)2<'=^p)exp (Fi-G), 

where the summation symbol is omitted as before. And we restrict functions to the 
subspace r = also as before. 

We define the contact term by 



We also set tr = tr+i 



• — 0. Then the right hand side of (|6.1|l is rewritten as 



(6.2) 
where 



exp 



r-l \ 
Tp.qtptq I 



dcp+1 _ t / dcp+1 



dc 



27r 



p=i 



da 



Qe{Q\t) 

dc. 



da \ da^ 

and Ek is the characteristic given in ijB.ll We have used Theorem l5.7f 2) and H5.10|l . 

This is a generalization of |61l 7.1]. Note that this expression for r — 2 co- 
incides with the blowup formula derived from the u-plane integral in HI. 31 The 
identification of the contact term follows from H2.15|l . 
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For a physical derivation of a higher rank generaUzation, see |45j . 

6.2. A reformulation. We reformulate the blowup formula in the previous 
subsection in a form which does not involve the limit. It also provides an interpre- 
tation of Theorem 15. 7f 2) which does not involve the limit. The goal is to express 

the formula in .ffj instead of ijj. (Recall T = C* x C* x T.) 

Let j' : HJ' {Mo{r,n)) — > Hj' {Mo{r,n)) be the homomorphism given by the 
restriction of the action. This can be defined via the pull-back homomorphism 
with respect to a locally trivial fibration with fiber T/T 

j : Mo{r, n) XtU ^ Mo{r, n)xfU, 

where [/ is a T- variety as in fjCJ 

Recall that we have made an identification 



n (ijf (Mo(r,n)) ®5 S) A^™ - J^^A^ 



via (to)*. The multiplication of A in the right hand side is identified with the 
push-forward homomorphism in,n+i* of the natural embedding in,n+i ■ MQ{r, n) 
Mo{r, n + 1). The identification follows from the commutativity of the diagram 

Hfipt) Hf{Mo{r,n)) 

Hfipt) Hf{Mo{r,n + l)) 

In particular, the multiplication of A^*" makes sense as operators on Yin H'^{Mo{r, n))A'^™. 
It does makes sense also on Yin H'^{MQ{r, n))A^''", and two homomorphisms com- 
mute with j' . 
We consider 

Z'"''*(a; A) = ^ A2™7r*[M(r,n)], 

n 

ZiTMa; A, = ^ A^™^?* exp If^ *p (chp+i(£)/[C]) J n [M(r, k, n)] 

These are the formal sums of elements in ffJ(Mo(r, n)). They are the pull-backs 
of the corresponding elements in 7JJ(Mo(r, n)) via j'. 

Lemma 6.3. Let R = {/(a, £1,62) I /(a, 0,0) ^ 0}. Then Hf{Mo{r,n))ii := 
-ff J(Mo(r, n)) (E)s{T) S{T)ij is a torsion free S{T)ii-module. 

Proof. By the localization theorem, we have 

Hf{Moir,n))R - Hf{Mo{r,nf)R = fff (Mo(r, n)^) ®c SiT)R. 
Since Afo(r, n)^ = 5"C2, ffC'xC* (Mo(r, nf) is a torsion free C[ei, e2]-module. □ 

Therefore the blowup formula in the previous section can be restricted: 
(6.4) Zl'ltk {a;A,i) = ^x Z'"''* (a; A) . 

This is an equality in the formal power series in A^*" and t with values in {Mo{r, ri))<X's(T) 
S{T). Let us emphasize again that the multiplication of A^'' is in,n+i*- 
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Recall Z'"^''^{£i,e2,a;q,T) = exp(F'"^'(ei, £2, a; q, T)/eie2). By (|4.2(l we have 



ea^™ / n(^v+i(^)/[o])= (n 

/ ^1 pinst \ 

Hi) (£i,£2,a;A2'-,0) Z'-'(ei, £2, a; A^'', 0) 



£i£2^j Z"-'(£i,e2,a;A2'-,T) 



\ * / 

where [0] is the fundamental class of the origin. Wc can make a restriction: 
(6.5) E A^^vr, (n(cV+i(f)/[0])n [M(r,n)]) = (l[c,^+i) Z'-'(a;A^'-) 

n=Q \ i / \ i / 

thanks to Theorem |^Tf 2), where we assume all /i^ < r — 1. 

Note that this formula explains the meaning of Cp — dFo/drp-i without taking 
limit. It is just multiplication of chp(£)/[0]. Also it formally looks like when 
r ^ 2, fi, ^ 1. 

We suppose 

(1) The factor is in C[c2, . . . , c^, A^*-] [[^i, . . . , 

Let us denote it by B'^^^'^^c, A, f). Note that this is a conjecture on theta functions. 
It seems that this was proved in 16 . But we do not quite check the detail. Then 
(16.41) becomes 



(6.6) 



exp [ E (chp+i(5)/[q) J n [M(r, k, n)] 



\p=i 



- E A'™'^* (i?^^='^-(ch(f)/[0], A,t) n [M(r,n)]) . 



We conjecture 

(2) (|6.6|l holds for moduli spaces Mnir, ci, n), Mnir, ci + kC, n) for an arbi- 
trary projective surface X. 

Note also that 1)6. 5|l explains the meaning Kronheimer-Mrowka's simple type 
condition if we have the same formula for an arbitrary surface: 

00 00 

EA^"7r, ((ch2(£)/[0])2n[A'/H(2,ci,n)]) = 4A2 ^ A^'V, [M^^ (2, ci, n)]. 

n=0 n=0 

It is equivalent to C2 = m| = 4A^. It means that the Seiberg-Witten curve is 
singular. 

6.3. Rank 2 case. We assume r = 2. In this subsection we give an explicit 
expression for B'^-^^'''{u, A,t) in terms of Weierstrass cr-functions as in |24) . This is 
an exercise in elliptic functions and involves no geometry. 

The regularity assumption made in the previous subsections is true as we con- 
sider the derivative with respect to ri . 

6.3.1. Weierstrass functions. Let p{z) be the Weierstrass p-function with the 
period Ztj 4- Zui' , where uj' /u; = r, 3t > 0. Then the associated elliptic curve is 
given by 

= A{x - ei){x - e2)(x - 63) 
= 4a;^ - 322; - 53- 
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where ei — p{uj/2), 62 — p{—uj/2 — uj' /2) and 63 — p(cj'/2). 

Let a{z) be the Weierstrass cr-function. We have the following expansion: 

n>0 
n>0 

where c„,cj^ are weighted homogeneous polynomials of degree n with deg52 = 2 
and deg53 = 3. Let ai{z), i = 1, 2, 3 be three more sigma functions associated to ei. 
We assign dege^ := 1. Since ai{z)^ — a{z)'^{p{z) — ei), ai{z) also has an expansion 

(6.7) a,{z) - 1 - + ^c::(e„g2,53)^'" 

where are weighted homogeneous polynomials of degree n. 

In terms of modular forms, we have the following expressions: 

^ ' 0'n{0\T) 7r0io(O|r)0oo(O|r) 9oi{0\t) 

(6-8) a f I \ 

6*01 (0|t) 
where i] = Q{lo/2) is given by 



= -^E2{t). 



We also have 



ei = 



(6-9) e,=j(^)'(»;„-9i|,), 



3 

1 /7r\2 



(6.10) g 

53 = ^ O (^10 + ^00) (^(^10 + ^00)' - 36(0^oO) ■ 
6.3.2. We write u = U2, a = a2 as in H2.5I We set oj = 7r6'oo^'io/A. Then 



1 



2 - 36A4) 



63 
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Hence we get 

(6.11) ^""^^^J 

0oi(O|r) ' 

This checks the conjecture (1) in the previous subsection. 

Since ch2(f ) = —C2{£), we put x = —u. Then x corresponds to the insertion 
of the point class fji{p) = C2(£)/[0] in H6.6|l . The above (|6.11|l exactly coincides 
with the functions B(x,t), S{x,t) appeared in Fintushcl-Stern's blowup formula 
for Donaldson invariants |24| . 

This checks the conjecture (2) in a weak sense, i.e., if we multiply products of 
/i(S') and integrate, then the equality holds. Conversely if we can prove (2) directly, 
it gives a new proof of Fintushel-Stern's blowup formula. The proof of (2) probably 
requires more detailed study of the map tt . 



7. Gravitational corrections 



As we mentioned in Introduction, Nekrasov asserts that higher order terms in 
(15.61) are gravitational corrections to the gauge theory |62l §4] . In some cases these 
are some known quantities, which are really related genus g curves, e.g., Gromov- 
Witten invariants with domain genus g. We are still far away from verifying this 
conjecture in full generality. But we have some nontrivial examples, which we 
review in this section. 

7.1. Genus 1 part. The result of this subsection is based on discussions with 
N. Nekrasov. 

We determine the coefficients G, Fi in the expansion (|5.6() for t — 0. These 
terms are considered as genus 1 gravitational corrections as we said. Since we are 
only interested in r = case, we omit r from the notation. 

We consider the blowup equation (|5.3|) for ci = kC [k ^ 0) with f = t = 0: 



= 



E 

{k} = ~ 



Z{ei,e2 ~ El, a + Elk; q)Z{ei - £2, £2, a + £2^; q) 



As in the derivation of 1)5. 8|l we have 

d^Fo k'k"" dH 







da'-da^ 2 
+ (£l+£2)|- 



d^Fo 



k^k'^k^- 



d{G + F^ , 



E 

{k} = - 



' — 1 exp 



+ (£1 +£2) 



da'-da"'da-^ 3! 
^T^/^Tlr,Mk"' 

d^Fo k^k'-'^k" d{G + Fi) 



da^da^da" 



3! 



9a' 



where Tim is the period of the Seiberg-Witten curve as before (|2.6|l . 
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Setting £i ~ 62 = 0, we get 



-1 



exp [TTV-lTlmk k 



0= E 

{k}=-i 

Next we take the coefficient of ei + £2 in the above to get 



0- E • 



' — 1 cxp 



E 



d{G + Fi) d 
da'' 9^' 



X <^ 27rV-l 



l,ll,7ni.n 

~d^' 3!"" 



3 da'di 



0. 



We believe this equation with k = 1, . . . ,r — 1 determine ^^^^f^^ for Z = 2, . . . , r. 
But we do not know the required identities for the theta functions, as far as the 
authors are concerned. So we assume r = 2 from now. Then the equation is 



(7.1) 



d{G + Fi 



1 d 



d 



da 3 da 

We now switch to the notation in H_B.2I From 15.101 17. 1|) , we get 

exp(G-Fi) =0oi(O,t), exp {G + F,) = C0[,{Q,t)-^^^ 
for some constant G independent of a. Therefore 

exp(2i^i) = C0;i(O,r)-i/30oi(O,T)-i. 
By Jacobi's triple product identity (see e.g., |57l Chap. I, §14]) we have 



^2d-l\21 



%(o,T)=n[(i-'?'')(i-9" 

d=l 

By Jacobi's derivative formula (see |57[ Chap. I, §13]) we have 

d=l 

Therefore we get 

00 

expFi = G'q-ii I'^y^ 



G' 



for some constant G' independent of a. A priori, C" may depend on q (or A), but 
in fact, it does not as follows. Let us define degrees of variables by 

degei = deg£2 = degflc = 1, degq = 2r (degA = 1). 

(This definition applies for arbitrary r, not necessarily 2.) By the definition, Z has 
degree 0. Therefore Fq has degree 2, while G and Fi have degree 0. Then r has 
degree 0, and hence so is ?7(§). Therefore C" has degree 0. Since it is independent 
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of a, it means that it is also independent of q (or A). Therefore C" can be computed 
by studying the expansions of Fi and rj in a/ A: 



^1 = — ^ log ( X ' + 



log 



1 

12 
1 



-2a 
~A~ 



1, /2V-la 
= 7 log 



d=i 



6 

1 °° 1 

— logq-^log(l-<7'*) = -— ttV^t 



A 



Furthermore, we have 



-4 log 



A 



Therefore we get C — 1, and hence 



^o&vi^), G = \og 



It is better to make the following combination: 



-5- 



Then 

exp A ^ exp (Fi + 2G) = J]^ 



1-q 



d=l 



271001 



'11 



expB = exp(3G) = q'i f[i^ q^'^-^f 



d=l 



29. 



01 



700C10 



q2 n2 



q2 n2 



Comparing with , we find 



(7.2) 



exp A = 



A da 



exp 



Note that the last expression is given by the quantum discriminant l|2.1|l : 

A = 2i2A*^(w2_4A4). 

Therefore 



ei£2Fi + (ei + e2fG = eie2 log 



-1 du 



A da 



log 



A 



210A1 



Comparing with (|1.4(l , this suggests the following formula for the equivariant Euler 
number and signature for C^: 

This is natural from the following formal computation: 

X(C2) = C2(C2), a(C2) = i (ci(C2)2 _ 2c2(C2)) , 

Ci(C^) = £1 + £2, C2(C^)=eie2- 
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Nekrasov conjectures that H7.2(l holds higher rank case also if we replace by 
det(l^). 

7.2. Coordinate rings of symmetric products. The next example is re- 
lated to the perturbative part of the iC-theory version of the partition function in 
f0 (See |63l A. 0.3].) It fits with geometric engineering quite well (see below), but 
it looks like an accident if we understand it as a purely mathematical statement. 
The authors learned the result from p3, §A.0.3]. 

Let us consider the nth symmetric product S'"(C^) of the afline plane C^. We 
define an action of the two torus = C* x C* on C'^ by 

{x,y)i — >(tix,t2y), (ti,i2)€T^. 

We also have an induced action on S'"(C^). 

The coordinate ring iJ"(5"(C^), O), that is the ring of polynomial functions 
on S'"(C^), is a T^-module. We consider its character 

chi70(5"(C2),O) irt2diniH°(5"(C'),0)m,«, 

m,n>0 

where 

i?''(5"(C2), ©),„,„ = {/ e ij0(5»(C2),O) I (ti,i2) . / = tT^f} 

is a simultaneous eigenspace, i.e., a weight space. The character is called Hilbert 
series sometimes. It is standard in algebraic geometry to show that 

(1) each weight space is finite-dimensional, and hence the character is well- 
defined as a formal sum, 

(2) the character is a rational function in t^, t^- 

In fact, in this case, an explicit answer can be written down: 

Proposition 7.3. The generating function of the character is given by 



oo 



(7.4) ^q"ch770(5»(c2),O) =exp ' ^ 



d 



n=0 



^^d{i-ti){i-ti)^ 



We refer [611 §3] for the proof. But we recommend the reader to write down 
the proof by himself/herself since it is a nice exercise on a treatment of generating 
functions. 

The generating function 17.4|l is the rank 1 version of Nekrasov's deformed 
partition function (for the if-theory version) . Let us expand it into a formal power 
series in after putting ti — exp?i, t2 = exp(— ?i): 



(7.5) 




q"chi7°(S'"(C2),C') 



oo ^ 



*'=%^ ^ d(l-e'i'^)(l 

t2=e " d=l ^ 



where B2g is the 2gth. Bernoulli number as in The series start with and 
have only even powers of h. In the next subsection we will see that (|7.5() is equal 
to the generating function of certain Gromov-Witten invariants. Then g will be 
identified with the genus of the domain curve, and hence 2 — 2g with the Euler 
number. 
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7.3. Gromov-Witten invariants of the resolved conifold. Let X be the 

total space of the rank 2 vector bundle E = 0(— 1) 0{—l) over P^. This space 
is called the resolved conifold in physics. The local Gromov-Witten invariants for 
target X is defined as follows: Let Mg^„(P^, d) be the moduli space of stable maps 
for target P^ from a genus g curve with n marked points with degree d. We consider 
d > case only, that is the stable map is not constant. We have the diagram 



forget 



Mg,li^\d) 



cval 



where forget is the map given by forgetting the marked point, and eval is the map 
given by taking the image of the marked point under the stable map. We consider 
a vector bundle E — i?^forget^eval*£'. Let Ctop(E) be its top Chern class. Then the 
local Gromov-Witten invariant is defined by 



Cig,d) 



Mg.0(Pl,d)-" 



Ctop(IE) 



where Mgfi{¥-^ ,dy" is the virtual fundamental class. This is a rational number. 
This is a local contribution to the global Gromov-Witten invariant of a Calabi- 
Yau 3-fold of multiple covers of a fixed rational curve with the normal bundle 
E = 0{—l) © 0{—l). Thus the formula for C{g,d) is important in the Gromov- 
Witten theory. The genus g = case is known as the Aspinwall-Morrison formula. 
The complete answer is given by 

Theorem 7.6 (|2l HH |69| for 5 = 0, W for 5 = 1, |2l] for 5 > 2). 



Comparing with 1)7.5(1 . we get 

/ 00 N 
(7.7) log^q"chiJ"(5"(C2),0) 



\n=0 



t2=e 



d=l g=0 



This is our first example of the assertion that the gauge theory partition function 
is identified with generating functions of Gromov-Witten invariants. 

It is worthwhile mentioning that the exponential of the right hand side is the 
generating function of Gromov-Witten invariants whose domain curves are not nec- 
essarily connected. This does not make sense in the gauge theory side, but somehow 
related to the recursive structure among the symmetric products S'"C^ for various 
n. 



7.4. The r = 1 case and Gromov-Witten invariants for P^. In the main 
body of the paper, the case r — 1 was excluded as the Seiberg-Witten geometry 
does not make sense. However Nekrasov's partition function does make sense r = 1 
also. The i^-theory version with r = is what we already saw in H7.2I This is 
because the moduli space M{l,n) is nothing but the Hilbert scheme of points, and 
it is known that the higher direct image sheaves for M{l,n) S'^C^ vanish and 
chffO(S'"C2, 0) can be given by Atiyah-Bott formula for M(l, n). (See ^ §3] for 
more detail.) When f 7^ 0, it was studied in (His main result is a positivity 

property, which is not studied in this paper. But it is natural to conjecture a similar 
property for higher rank cases also.) 
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The homology version of the partition function, i.e., our Z{si, £2; q, t), has the 
presentation by the Fock space when it is restricted to £2 — ~£i- Then comparing 
with the presentation for the Gromov-Witten invariants for (64] . one gets 

logZ(£i,-£i;q,f) 



the generating function of the Gromov-Witten invari- 
ants for 



ii 



where £1 is mapped to an indeterminate for the domain genus, and r to those for 
gravitational descendants. This remarkable observation was done by 43 and |44) 
independently. We refer the precise statement and the proof to the original papers. 

7.5. Geometric Engineering. The geometric engineering of Katz-Klemm- 
Vafa j36| realizes 4-dimensional J\f = 2 supersymmetric gauge theories as limits 
of type II A string theory compactified on certain noncompact Calabi-Yau 3-folds. 
Mathematically it poses the following conjecture: 



(7.8) 



Partition functions in 4-dimensional Af = 2 supersymmetric gauge the- 
ories are equal to limits of generating functions of local Gromov-Witten 
invariants for certain noncompact Calabi-Yau 3-folds. 



The noncompact Calabi-Yau 3-fold is chosen according to the gauge theory to 
realize. Typically it is an ALE space fibration over . Recall that an ALE space is 
the minimal resolution of a simple singularity and contains a configuration of 's 
intersecting as one of ADE Dynkin diagrams. The group of the gauge theory is the 
corresponding ADE group. 

This statement is rather striking since it seems difficult to compare two types 
of moduli spaces directly, i.e., moduli spaces of stable maps and instanton moduli 
spaces. Moreover, we must sum up over degrees for Gromov-Witten invariants as 
we will see below. 

For simplicity, we restrict ourselves to rank 2 case. (In higher rank cases, the 
above naive definition of the local Gromov-Witten invariants must be modified as 
the base space become singular.) As we have already seen in ^7.31 the i(r-theory 
version of the partition function is more natural here as we do not need to take a 
limit. We define 

ZK{h, a; (i) = exp [-7^ (2a; /3) - 7rf (-2a; /?)] ZT{h, a; /?), 

00 

ZTiKa-p) = ^/32™^(-l)»chi7'(M(r,n),0), 

n— i 

ti — , 12 = e ^ , ei — e ^ , e^ — e -, 

where ch is the character of T-module and the one-dimensional T-modules (in the 
notation 13. 3|) are replaced as indicated. The characters of the cohomologies have 
expressions in terms of Young diagrams Y by the localization formula for the K- 
theory: 

Zi^^'(ft,a;/3) = ^/32'-|^l 

Y 

(See j61[ §3] for detail.) The perturbative term is given by 
This is equal to the one in [ 631 §A.0.3] up to polynomials in a. 
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Note that we do not include higher Casimir operators. This is not for the 
brevity. We (at least the authors) do not know what are counterparts in the 
Groniov-Witten theory. 

In the rank 2 case, the nonconipact Calabi-Yau 3-fold is supposed to be the 
canonical bundle Kp^ of the Hirzebruch surface F„. And it is conjectured that the 
Gromov-Witten invariants are essentially independent of n. So we further restrict 
to the case n = 0, i.e., the Kpg of Fq = x P^. (For the actual calculation, 
it is necessary to assume F„ is a toric variety in order to apply the localization 
technique.) 

We define the local Gromov-Witten invariants as in the case of the resolved 
conifold. The degree of maps is a pair of integers (n, d) corresponding to the base 
and fiber respectively. (Although we have a symmetry exchanging two factors, we 
break it and consider one is base and the other is fiber. This is automatic for other 
F„.) Let us introduce two parameters qt, respectively. 

Now the geometric engineering asserts that log ZK{fi, a; (3) is equal to the gen- 
erating function of Gromov-Witten invariants, under a suitable identification of 
parameters. The parameter h should count the genus of domain curves as in tl7.3l 

Next we match the degree n for the base with the instanton number n. Although 
this identification is quite natural, we do not have any mathematically rigorous 
justification of this statement. Anyway we should identify qb with 0^"^ . In fact, the 
analysis below gives the exact answer: 



96 



Let us consider the Groniov-Witten invariants for n = 0. In this case, we only 
have multiple covers of the fiber. It is given by H7.7|l multiplied by —2. Since n = 
means zero instanton number in the gauge theory side, it should be equal to the 
perturbation term of the gauge theory, namely: 



^ d{l - e'""^)(l - e-f'd) 



-7,^(2a|/3)-7^^(-2a|/3) = -2 

d 



Since the left hand side is equal to — 27^(2a|/3) up to a polynomial in a, thanks to 
the inversion formula for the polylogarithms, this (up to a polynomial in a) follows 
from what we observed in tl7.3l when we equate the parameters as 

If - e-^^ 

Note that for this identification, we must sum up the Gromov-Witten invariants 
for various degrees on fibers (and various genus). This is also true for n-instanton 
corrections. 

For n > 0, the genus Gromov-Witten invariants were calculated using the local 
mirror symmetry for X — K-p^^ in 36 . And the limit of their generating function 
was identified with the Seiberg-Witten prepotential Fq. In fact, they identify the 
limit of the local mirror of X with the Seiberg-Witten curve. Note that genus 
case is enough to identify the parameters. 

Recently Iqbal+Kashani-Poor identify log Zk with the generating function of 
all genus Gromov-Witten invariants by using the large N duality |35j . In fact, 
they identify the expression of log Zk via Young diagrams Y with Jones- Witten 
invariants for the Hopf link. (They assume certain combinatorial identities which 
are proved in more recent paper |19|.^ 
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Appendix A. The root system of type Ar-i 
Let Q be the coroot lattice of type Ar-i: 

Q= {fc = (fci,...,fc,)eZ'-|E„fca=o}. 

We take simple coroots 



i i+1 



We can write 



a/ = (0,... ,0,1,-1,0,. ..,0), (i = l,...,r-l). 
Q 5 k = ^¥a(. 



For a given fc e Z, elements k with = k are identified 

{r= {li,...,lr)eQ'-\ E« = 0, Va Z„ = -f mod Z} . 

This is a subset of the coweight lattice P = {I = {li , . . . , Ir) & \ X]q 'a = 0, 3fc S 
Z Va ^Q, = — ^ mod Z}. There exists a homomorphism P Z/rZ by taking the 
fractional part of It can be identified with the natural quotient homomorphism 
P — > P/Q. We denote it by I i-^- {I}. Hereafter we identify I with k and denote 
both by k. We write k = fc^a^ in either case fc = 0, 7^ 0. But fc* may be rational 
in the latter case. Let ( , ) be the standard inner product on Q. The Killing form 
-Ssu(r) of SU(r) satisfies -Bsu(r) = 2r( , ). The following formulas are useful later: 



(A.1) 



a, 13 
1 

2r 



^ - kfsf = {k, k) = J2 Cijk'k^, 



a,0 



a<0 i 

Here Cij is the Cartan matrix, and p is the half of the sum of positive roots, as 
usual. 

Appendix B. Theta functions 

We give definitions and some properties of Riemann theta functions. 

B.l. Riemann Theta functions. Let Q = Z^. Let r = {rafi) be a symmetric 
g X g complex matrix whose imaginary part is positive definite. For i7 S C^, we 
define the theta function with characteristic [^] by 



e 



= exp TrV^^Tajsika + lJ.oc){kl3 + jJ-ji) + 27r-/^E(^a + l^<x){ioc +^0)] ■ 

k€Q \ « 

When [^] = [q] , we simply denote it by 6. We have 



e 



(|]r) = exp (w^/^^pTp + 2TTy/^%i + 6(1* + r/? + v\t). 
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The theta function is quasi-periodic with respect to the lattice ®tTP . It satisfies 
the heat equation: 



e 



d 



dTa, 



■e 



(e|r). 



When jlji' G 5^^? [^] cahed a half-integer characteristic. The set of half- 
integer characteristics are divided into two, odd or even, according to whether 
[^] (^|t) is an odd or even function. 

In the main body of the paper, we use the A^-i-latticc 



{fc- (fci 



, kr) e U 



(See This is identified with Z*"^^ by taking (^2, . . . , fc^). Then we apply the 

above convention, i.e., the suffix runs a = 2, . . . , r. 

A theta function with a particular half-integer even characteristic appears often 
in this paper: 



(B.l) 



(?|t), = ^,t^3 = 0,1/4 = ^,t^5 = 0, 



We denote this characteristic by E and the corresponding theta function by 8b . 
We also use the notation for the root system of Lie algebra of type Ar-i- Then 

r- 1. 



Ik, + \k. 



1. 



-fci 



r- 3, 



1 -r. 



E 



1 



where = means the equality modulo 1/ ^. The last equality is HA.1() . Therefore 
the characteristic is 



t(i 1 
V 2 2 



in this notation. 

We also use the theta function where the summation range is replaced by 



{fc = (fci,. 



A 



with dk = - 2 



^ mod z| 
r — 1) . We denote by 



for a fixed fc G Z. It is 8 
Ek this characteristic. 

B.2. When g = 1, we use the following notation for the theta functions: 
where 

g = exp(7rV— It), w — exp(7rV— l^^)- 
This is the same as |57j . We have 

8_E = ^01, 8^^ = 9ii. 
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B.3. Riemann surfaces and theta functions. Let C be a compact Rie- 
mann surface of genus g. Let Kc be its canonical bundle. We choose and fix a 
symplectic basis Ai, . . . , Ag, Si, . . . , _Bg of i?i(C, Z) so that ■ Ap = = Ba ■ Bp, 
Aa ■ Bf3 = 6a[3 for a, P = 1, . . . , g. We then have a basis wi, . . . , of holomorphic 
differentials H^{C, Kc) such that ujp — Sap- The period matrix of C is defined 

by 

Tap — I Wq. 

It is symmetric and its imaginary part is positive-definite. 

Using the period matrix {Tap) of the Riemann surface C, we consider the as- 
sociated theta function 6 [^i] (^|r) as in the previous section. We consider it as 
a multi-valued function (or a section of a line bundle) on the Jacobian variety 
J(C) = H°{C,Kc)*/Hi{C,Z). Here H°{C,Kc) is identified with by the basis 

UJl, ...,UJg. 

We choose a base point Pq in C. Then we have the Abel-Jacobi map 
C3P^[ c^eJ(C); ujeH"{C,Kc). 

JPa 

We denote it by A. It extends a map from Jg{C) the Picard variety of divisor classes 
(linear equivalence classes) of degree g divisors. When (/ = 0, it is independent of 
the base point and we have an isomorphism Jo(C) = J{C). 

Riemann's theorem ( \23\ Theorem 1.1], |57l Chap. II, 3.1]) says that there 
exists a vector 7? S such that for all e € the composition Q o (A + e) either 
vanishes identically, or has g zeroes Qi, . . .Qg such that J2k=i ^(Qk) + e = K 
mod -ffi(C, Z). The vector is called the Riemann constant. The vector K depends 
on the choice of the symplectic basis of Hi{C. Z) and the base point Pq. However, 
if we denote it by Kp^, then IS. — [g — l)Po + Kp^ £ Jg_i(C) is independent of Pq. 
See m VI.3.7], [HI Chap. II, 3.11, 3.18]. In fact, we have 9 = Wg-i - A, where 9 
is considered as a divisor in J(C) as a zero set 9 = 0, and Wg_i = {xi + ■ ■ • + Xg_i | 
Xa e C}. 

The set E of divisor classes D G Jg_i(C) such that 2D = Kc is called the 
set of theta characteristics. The above A is an example. The set S is bijective 
to ^Hi{C,Z)/Hi{C,Z) ^ (Z/2Z)29 (considered as a subset in J(C)) via D ^ 
D — A. We identify E with a characteristic for the theta function by the further 
identification J(C) = C^/Z^ ® tZ^ given by the choice of cycles. 



B.4. Green functions. Let 0: C — + C be the universal covering of C. We 
take a nonsingular odd theta characteristic D e Jg_i(C) (i.e., the theta divisor is 
smooth at D 57 IIIb,Lem. 1]) and let 6 = [^] be the corresponding half integer 
characteristic. By Riemann's theorem, 

(B.2) ^(^) = ^^(o),.«(x) 

is a section of Kc which vanishes on D. Since D is a nonsingular odd characteristic, 
H°{C,Kc{-D)) H°{C,Oc{D)) C, and hence y/C{xj is a section of Oc{D). 



LECTURES ON INSTANTON COUNTING 



51 



We define a prime form by 

(B.3) ^,.,,)- 



This is a holomorphic differential form on CxC. It is also regarded as a holomorphic 
section of a line bundle on C x C: Let tt^ : C x C — > C, i = 1,2 be projections 
and /x: C X C — > J(C) be the map {x,y) i-^ y — x. Then E{x,y) is a section of 
7riOc(-A) «) 7r^Oc(-A) (g) /i*(Oj(c)(0)), where 9 is the theta divisor. 
We pick up some properties oi E{x,y). 

(1) E{x,y) = Q^<t>{x)^4>{v)- 

(2) E{x, y) has a first order zero along the diagonal Ac C C x C and locally 
E^-^y)-^y^^^O{{x-yf)). 

(3) E{x,y) = -E{y,x). 
Let 

(B.4) W{zi , Z2) = 9.. log E{zi .,Z2). 

This is a well-defined meromorphic 2-form on C x C and it is used to construct 
differentials of the 2nd kind. For c G with 8(c) ^ 0, we set 

(B.5) ^c(zi,Z2)= ^ ' V 

It is called the Szego kernel. 

By Fay's trisecant identity ([23| p. 34, formula 45] or |57| IIIb,2]), we have 



(B.6) ^lizu Z2) = W{zi,Z2) + }2 io'='{zi)cuf'{z2)j^—r-\ogQMr)- 

for a half integer characteristic c ([23l Cor. 2.12 formula 38], |57| IIIb,3 (2)]). 

B.5. Hyperelliptic curves. Let Q{z) be a polynomial of degree 2g + 2. Let 
C = {y^ = Q{z)} be the corresponding hyperelliptic curve of genus g. We denote 
by i : C — > C be the involution. Let {Qi, . . . , Q2g+2} be the set of branched points, 
i.e., the roots of Q{z) = 0. We choose cycles Aa, as in Figure^where we replace 
as 

Zi ^ Qi, ^1 —* Q2, ^2 ^ Qii Z2 —> Q4, ■■■■ 

Then the choice of cycles is exactly the same as |23l p. 12 Example] with shifting 
the numbering by 1, i.e., A2 ^ Ai, B2 ^ Bi, etc. If we choose Qi for the base 
point of the Abel-Jacobi map, we have ( }23\ p. 14], [571 Chap. IIIa.5]) 

^ ~ ''' il 2 ' ' ' 2) ~^ (2 2 ' ' ' 2) ■ 
Let L be the divisor class of degree 2 containing P + lP ioi P E C. Then the 
set of theta characteristics is bijective to the set of subsets T c {Qi, . . . , (529+2} 
with #T = (g + 1) mod 2 modulo the equivalence relation T T'^ by 



PeT 



2 



Under this correspondence, the vector A — {g — l)Qi + K is mapped to the 

{OliQa, • • ■ , Q2g+l}- 
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When = [g + 1), the corresponding Szego kernel is given expHcitly by 



(B.7) = i ' ^l"^^''^ ' ^ 



2 y\j i){z2) y -0(21) ) Zi- Z2 ' 

where = nQ„eT(2 ~ Qa) ^ IlQ^jeT^C^ ~ Q/s)^^- See p. 12 Example]. 

Appendix C. Equivariant Borel-Moore homology 

We use equivariant Borel-Moore homology in this paper. For the usual Borel- 
Moore homology, see e.g., [271 §B.2]. As we only use the Borel-Moore homology, 
we denote it by H^,{ ). If we do not specify the coefficients, we mean the complex 
coefficients. 

The following properties are crucial. 

a) If X is nonsingular, Hi{X) is isomorphic to the ordinary cohomology 
group 

b) For an irreducible algebraic variety A, its fundamental class [A] g H2 dim x (A) 
is defined. 

c) For a proper continuous map J : X ^ Y , the push- forward homomorphism 
/* : ff*(A) ^ H^{Y) is defined. 

d) If [/ C A is open with complement Y — X \ U , we have the long exact 
sequence 

> H^IY) ^ iJ,(A) A H,{U) ^ H,^i{Y) ^ • • • , 

where i:Y ^ X, j:U ^ X are inclusions, and j* is the restriction 
homomorphism . 

For an equivariant Borel-Moore homology, we use the one given in |47| . but 
we shift the degree so that the fundamental class [A] has degree 2 dim A. This 
definition is the same as 18'. 

Let us recall the definition briefiy. Let G be a linear algebraic group acting 
on an algebraic variety A. (Everything is over C.) We have a finite dimensional 
approximation of the classifying space EG — s- BG, i.e., for any n, there exists a 
smooth irreducible variety U with G-action such that 

a) The quotient U U /G exists and is a principal G-bundle. 

b) W{U) = Ofori l,...,n. 

We then define 

Hni^) = ^ri-2dimG+2dimC/(-'^ ^ G U) . 

Here U is smooth, in particular dim U makes sense. One can show that this is 
independent of the choice of U, using the double fibration argument. 

Note that H^{X) = if n > 2 dim A, but H^{X) may be nonzero for n < 0. 
(A is pure dimensional.) 

On the other hand, we define the equivariant co-homology as 

H^{X)^H"{X XgU), 

where H"{ ) is the ordinary cohomology. This coincides with the usual definition. 
It is a graded ring. We have the Poincare duality isomorphism 

Hq{X) = H^dimX-n^^) 

when A is nonsingular. 
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As a projection X xqU U/G is flat, H^[X) has a structure of a ifQ(pt)- 
module. 

Suppose that G is reductive. Then iJQ(pt) is isomorphic to S*{\)*)^ , where [} 
is a Cartan subalgebra, S'*(f)*) is the symmetric algebra of its dual, and W is the 
Weyl group. We denote this by S or S{G). 

Let T be a torus acting on X . Let X^ be the fixed point set and i : X^ ^ X he 
the inclusion. We have the push- forward homomorphism : Hj {X^) — > Hj{X). 
Since T acts trivially on X^ , we have iJj(X^) = H^{X'^) (g)c S The localization 
theorem (see U|) says that becomes an isomorphism after tensoring the quotient 
field S of S. 

When X is nonsingular, the inverse of can be explicitly given. Let X'^ = |J 
be the decomposition to irreducible components. Each Fi is nonsingular. Let Ni 
be the normal bundle of Fi in X. Then we have 

where eriNi) is the equivariant Euler class and l* is the pull-back homomorphism 
for the inclusion ij : Fi X defined via the Poincare duality homomorphism. 

Appendix D. The proof of (|3.2U|) by Hiroyuki Ochiai 

Let 

OO 

{a)k = ia,q)k = {1 - a){l - aq) ■ ■ ■ {1 - aq''-^), (a)oo = J|(l-ag'*). 

We start with the formula, ^ p.l6,(7.2)]. 
We substitute d = aq/c, then we have 

^ {aqle)k{aq/ f)k{q)k{l- a) [aq/ e)^{aql f)^' 

(q-hypergeometric part vanishes since (l)^. — for k > 1.) We put e — —iaq)^/"^, 
Then we have 

{a)k{f)k{l- aq^^){a"^q~''/V ffq^^^+^^'^ ^ {aq)oo{-{aif'V f)oo 
^0 {aq/f)k{q)k{l~a) {-{aqY^Uiaq/ JU' 

Finally, we put / = aq^^^^. Then we have 

(a)fe(ag-i/2),(l _ aq^k^a-i/2q-i^kqkik+3)/2 {a)^{-a-'/^qU 



E 

k=0 



{q'^')kiq)k (-(ag)i/2)oo(g3/2). 



Using Jacobi triple product identity (q)oo(-a^/^)co (-a ^^^9)00 = Et-ooC'?/")'^^?'''^^' 
the right hand side is 

f \ °° 



(-ai/2gi/2)^(_ai/2)^(g)^(g3A 



2^ 



loo 



1 — — OC 

Using (6)oo(&<Z^/')oo - (b,q'/^)oo, and (b^)oo - {b,q^/^)oo{~b,q^/^U, we get 

°° ('^^-1/2 «l/2^ n „„2fe\/„-l/2„-l^fe„fc(fe+3)/2 „l/2\ °° 

E(aq I ,q ' j2feU - aq ){a ' q ) q " ' , q ' )oo sr^ , , w/2 1^/2 
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Also 



Now we substitute a and q 1— > q^t^ . Then 

{t,qH)2^{\ - q^^^H^^+^)q^^-'^^^)t^' ^ {qt,qHU K2(+i)/ 

Using the identity 

1 _ q6k+2^ik+2 ^4fe^2fe+l)^4fe+2^2fc+l ^ _ ^4fe+2^2fe+l^^ 

we see the left hand side is 

Ef {t,qH)2k fc(2fc+l).fc^ , q^t)2k+l (fc+i)(2fc+3)-l^(fc+l)A 



fe 

This is the end of the proof. 



Appendix E. Perturbation term 
E.l. One parameter version. Let 



A« r°° dt , 
— t 



ds r{s) io i ' (e"* - l)(e-^* - 1) ' 
where r(s) is the Gamma function 



f°° dt 



The integral in the right hand side converges when 3f?(s) > 2. The analytic contin- 
uation can be done by the standard procedure using the Taylor expansion of the 
integrand. (See below.) 

If we formally expand as 

}_ _ \ ^ h(m-n)t 



(e'^* - l)(e-'** - 1) 



m,n>0 

we get 



n{x; A) Y: log( 

m,n>0 



X — h{m — n) 



Thus 7fi,(a;; A) is a regularization of the right hand side. 
We introduce Bernoulli numbers by 



e* - 1 n! 

n=0 

We have So = 1, Bi = -|, B2 = \, B2fe+i = for A; > 1. Note 

\ ^ d 1 = _i_ , -^29 2,7-2 

(e*-l)(e-*-l) rfie*-l t2 "^^ 25(25 - 2)! 
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Then 



d_ 



(E.l) 



n X i (sj 2, X 
B 



2ji (^^2^-2 ^0^ + 2.g- 2) 



r(.) 



2g{2g-2) x' 



We have the difference equation 

7;i(x + ?i; A) + 7ri(a; - A) - 27^(0;; A) = log . 
In fact, the left hand side is equal to 



d 
ds 

We have 



A'' 



dt 



T{s) 7o t (e'-'* - l)(e-'-'* - 1) 



d 
ds 



7;^ X + -; A - 7rJ .T - -; A = — 



d 
ds 

log 



ds 
d 

r(s) 7o t" 1- e-'"'* " tfe 



A''- 



=0 Jo ^ 



°° dt 



th th 

e 2 — e 2 



(e^* - l)(e-'^* - 1) 



A^ dt p-*(^+t) 
-t 



x 1 



h 2 



C 0, - + - + C' 0, T + 



X 1 



ft 2 



A 

h 

log 



X 1 

ft + 2 



\/2^ VA 



a; 1 
ft ^ 2 



where C(s, a) is the Hurwitz zeta function. And at the final equality, we have used 
the Lerch formula (see EH XV§]). 
We have 

7fi(x; A) + "/ni-x; A) = 27^;j(V^a;; A). 
This can be seen from the expansion (|E.ip . 



E.2. Two parameter version. Let us introduce a generalization of 7^1(2;; A): 



7ei,e2(2;; A) = — 

ds 



A' 



dt 
—t 



^,Tis)Jo t (e-it-l)(e-2t_i)- 



This is formally equal to 



E log 



X — msi — ns2 
A 



m,n>0 

The difference equation is 

7ei ,£2 (2; - £1 ; A) + 7ei (o; - £2; A) - 7^, {x; A) - 7^, (a; - ei - £2; A) = log (^^^ 
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Let k be an integer. We have 

7ei,e2-£i + A) + 7ei-£2,£2 + ^^2^; A) 

d 

ds 
d 
ds 



s=0 



Jo ~^ ^ I (e^i* - l)(e(^2-ei)t _ 1) + (e(6i-e2)t _ i)(e£2t _ i) 



r(s) Jo t (e-^i* - l)(eS2t _ i)(e-eit - 6-^2*) 

We claim that this is equal to 

(E.2) 7e,,e2(a;;A) +logs-'=(ei,e2,a;) - ^ ^ ^ log A, 

where s~''{ei,e2,x) is given by (|4.3() . If A; = or 1, this is obvious. Suppose that 
k > 2. Then the above is equal to 

7ei,e2(a; + + me2; A) - ^ 7e^,£2 (a; + Zei + m£2; A). 

Z,m>0 J,m>l 
l-\-m—k—l l+m—k 



On the other hand, IE. 21) is equal to 

'x+(/ + l)ei + (m + l)e2 



7ei,e2(a;; A) + ^ log 



l,m>0 
l+m<k-2 



A 



E + E + E - E - E 

. ;=0,m=0 !>0,m>l />l,m>0 />l,m>l l>0,m>0 , 

\ l+m<k-l l+m<k-l l+m<k l+m<k-2/ 

( 

E + E - E - E + E 

;=0,m=0 i>0,m>0 i>0,m=0 i>l,m>l i>l,m=0 , 

\ i+m=fc-l l+m<k-\ l+m=k l+m<k-l/ 



7£i,£2(x + Zei + m(r2;A) 



7ei,e2(x + Zei + me2; A) 



by the difference equation. Thus we get the assertion when fc > 2. 
Similarly we have 



leue2-ei{x + Eik; A) + 7ei-£2,e2 + ^2^; A) 

= 7£i,e2(2;; A) + ^ log 

i,m>0 
i+m<-fc-l 

for fc < — 1. This is nothing but the assertion. 

E.3. Expansion. Let us define c„ (n = 0, 1, 2, . . . ) by 

(e^i* - l)(e^2* - 1) ^ n\ 

We have 

1 £i+ £2 £? + + 3ei£2 

Co = , Ci = , C2 = , 

£162 2£i£2 6£i£2 



X — lei — 'rne2 
A 
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Then 



, / ^ \ s CO 

a 



AS . r°° rli 



(E.3) 



ds 



^ n=0 ^ ' 



£l£2 



l + sl + 3£ie2 



In particular, we have 



12£i£2 VA/ ^^n{n-l){n-2)' 



(E.4) (x; Ae") = (a;; A) + u 



a;(£i+£2) £f + ef + 3eie2 



2£i£2 2£i£2 12£i£2 



1 2 1 ( v^x\ 3 2I , £i+e2 



log —. + -x'^ )■ H TrV-la; 



(E.5) £i£2 12 V A / 4 J 2£i£2 

3£i£2 , _ 2c2gX^-^3 
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[14 

[is: 
[16: 



6£i£2 V A ; ^2 2g(2g-l)(25-2) 
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